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LEARNING THE MULTIPLICATION 
COMBINATIONS 





CHAPTER I 


PURPOSE AND PLAN OF THE MONOGRAPH 


This monograph is intended to serve four purposes: (1) to re- 
view previously reported research relating to the learning and the 
teaching of the multiplication combinations; (2) to present two new 
and rather extensive studies on the learning of these combinations ; 
(3) to consider critically the concept of “readiness” as this concept 
applies to learning the multiplication combinations and to report new 
data on the problem; and (4) to suggest a program of instruction, 
based partly on research and partly on theory, for the teaching of 
these combinations.1 


A separate “part” of the monograph is set aside for each of the 
four purposes. Accordingly, in Part I previously reported research 
on the teaching of the combinations will be critically examined. 
Twenty-nine studies will be classified under appropriate headings, 
and the experimental procedures, findings, and recommendations will 
be considered with respect to their validity and value. (The research 
on “readiness,” however, is relegated to Chapters VIII and IX of 
Part III, where the topic “‘readiness” alone is treated.) 


To look ahead a bit, it may be noted now that previously reported 
research has been limited almost wholly: to questions relating to the 
methodology and organization of instruction. In other words, exceed- 


*In educational literature one encounters four ways of denoting the number 
of multiplication combinations to be taught. The numbers are: (a) 100, (b) 
55, (c) 81, and (d) 45. 

(a) If each digit from 0 to 9 is taken as multiplier and each is also taken 
as multiplicand, one hundred combinations result (from 0°X 0 to 9 X 9). 
(b) Ten of the one hundred combinations are “doubles” (e.g., 1 * 1, 2 X 2); 
and the other ninety combinations yield forty-five pairs (e.g., the combination 
3 X 2 and its reverse 2 X 3 give one pair). Estimated in this way, there are 
fifty-five combinations. (c) Sometimes the nineteen (-combinations (eg., 
0 X 8, 4 X 0) are regarded as a special group, and the remaining eighty-one 
are taught separately. (d) When the paired combinations among the eighty- 
one combinations in (c) are taught together, the expression “the forty-five 
combinations” is appropriate. 

When in this monograph it is important to recognize experimental or peda- 
gogical differences in the number of combinations to be learned or taught, the 
reader will be advised that reference is to the one hundred combinations (a), 
or to one of the other numbers (b), (c), or (d). In this monograph, too, the 
terms “combinations” and “facts” will be used interchangeably, in spite of the 
preference for the former term on the part of some students of arithmetic 
(eg., Wheat). The term “facts” has good standing in educational literature, 
and a certain amount of variety in language seems desirable. 
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ingly few data have been reported with regard to the way in which 
children actually learn the combinations. This statement paves the 
way for Part II, which will contain accounts and results of two 
original studies. In these studies the principal point of interest was 
precisely that of the changes in behavior which take place as children 
advance to mastery of the combinations. The hypothesis is that teach- 
ing procedures can only by accident be of the best unless they are 
selected and directed according to the way in which children learn. 

Part III will be devoted to “readiness” for the combinations. The 
problem of “readiness” is a relatively new one (ten or fifteen years 
old) in educational thought ; but while the idea of “readiness” is new, 
it bulks large in contemporary curriculum planning. It is sometimes 
recommended that the multiplication combinations, all or part of them, 
be postponed from their traditional place in Grade III to Grade IV or 
even later. The research basis for this new practice will be subjected 
to criticism, and new data on the problem will be presented in Chap- 
ters VIII and IX. 

In a way, Parts I, II, and III are but preparatory to Part IV, 
which is more evidently “practical” in nature. Perhaps the average 
teacher will be interested in Chapter X alone, for here he will find a 
suggested program for teaching the combinations. But it is hoped 
that he will find considerable to interest him as well in the earlier 
chapters. After all, pedagogical practice can be based upon reliable 
research findings only to the extent that they exist. When research 
is lacking, practice must be based upon such evidence as can be 
deduced from sound learning theory. 


Part I 


Previously Reported Research on Learning and 
Teaching the Multiplication Combinations 





CHAPTER II 


CRITICAL ANALYSIS AND SUMMARY OF PUBLISHED 
INVESTIGATIONS 


Of the twenty-nine educational investigations relating to the mul- 
tiplication combinations, all except five (3, 7, 10, 11, 151) have been 
published since 1920, and more than half since 1930. Twenty-six of 
the studies contain original quantitative data; one (21), a learning 
study, has been included in spite of absence of supporting data be- 
cause of its suggestiveness; and two others (17, 18) are critical dis- 
cussions of earlier investigations. A rather thorough canvass of pub- 
lished educational research disclosed no other study which should be 
added to the list. 

The twenty-nine studies, when classified according to the main 
problem investigated, fall into three groups: (1) methods of teach- 
ing, with six studies; (2) psychological aspects of learning, with 
seven studies; and (3) comparative difficulty of the multiplication 
combinations, with eighteen studies (two duplicates). In few of the 
reports is the scope actually limited to a single problem. Further- 
more, all three main groups may easily be analyzed into subgroups. 
For example, the studies in group (2) deal with such diverse prob- 
lems as the extent of transfer in learning, readiness, brightness and 
dullness as factors in learning, and so on. Nevertheless, the grouping 
adopted provides a convenient organization for the purposes of this 
review. 


METHODS OF TEACHING 


As has already been suggested, several studies in the second and 
third groups are not without significance for the methodology of in- 
struction. Thus, for example, Norem and Knight (14) describe the 
methods by which they taught their subjects the combinations, and 
their findings are to some extent contingent upon the instructional 
method they used. Their greater concern with the comparative diffi- 
culty of the combinations, however, justifies the placement of their 
report in the third group. Four of the six studies considered in this 
section clearly belong in group (1) alone. The other two (8, 27) are 


* Numbers in parentheses, as here, refer to the separate items in the chapter 
bibliography. See pp. 40-42. 
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included in group (1) and in group (3) as well, for the experimental 
interest was about equally divided between methods of teaching and 
the relative difficulty of the facts. The six studies to be considered 
here in chronological order are those reported by Mead and Sears 
(11), Fowlkes (8), Thiele (21), Morrison (12), Wheat (26), and 
Wheeler (27). 

Mead and Sears (11) investigated the possibility (a) of teaching 
the subtraction combinations as extensions of the addition combina- 
tions and (b) of teaching the division combinations as extensions of 
the multiplication combinations. It is the latter part of their study 
which is pertinent to the present purpose. 

The combination 3/15 may be dealt with through multiplica- 
tion (“three times what are fifteen?’’), in what Mead and Sears call 
“multiplicative division,” or it may be dealt with through division 
(“three into fifteen goes how many times ?”), which Mead and Sears 
designate the “into method.” The problem posed for investigation 
was: Which form of presentation results in the more economical 
learning ? 

Two third-grade classes, each numbering perhaps forty pupils 
(the number is not given), first learned the multiplication facts. 
Then they were divided into two experimental groups, the one study- 
ing the division facts by the method of multiplicative division and the 
other by the “into method.” Thirty minutes a day were spent on the 
new combinations, and learning was assessed by means of written 
tests, all of which (including the pretest) were limited to a period of 
one minute. The pretest, which might well have been made up of the 
multiplication combinations, consisted actually of addition combina- 
tions. It was administered in February. All subsequent tests, March 
9, April 6, May 4, June 1, and June 17, were restricted to the division 
facts, except that on the last date an extra test on division with four- 
figure dividends was also administered. After each test the pupils 
were told their errors, in order to permit concentrated study thereon. 

The results obtained are inconclusive: the median of the “into” 
group was 4.3 combinations lower than that of the other group on the 
June 17 test on the facts alone, but was .7 combination higher on the 
longer examples. Even had larger and more consistent differences 
been found, it is doubtful whether experimental conclusions could 
have meant anything. The groups were probably too small to assure 
reliable results; the shortness of each testing period must inevitably 
have introduced many chance variations irrelevant to the experimen- 
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tal problem ; all disparities in scores on the division tests were “cor- 
rected”’ for initial differences on the pretest involving addition facts; 
and nothing is known about the program of instruction apart from 
the different ways in which the two groups were taught to think of 
the division facts. 

In all probability most of the experimental limitations of the 
Mead and Sears study may be ascribed to its early date; the report 
appeared in 1916. At that time quantitative research was just getting 
under way in education. But whatever the limitations, this investiga- 
tion may have had important influence. Certainly the practice of 
teaching the division facts through the multiplication facts has never 
enjoyed wide popularity as compared with the practice of teaching the 
subtraction facts through the addition facts. 

Fowlkes (8) states that the purpose of his research was “(1) to 
teach the one hundred combinations by means of test material only, 
the teacher doing as little as possible; (2) to make remedial adjust- 
ments by means of printed directions and devices other than oral in- 
structions; and (3) to ascertain the relative difficulty of the one 
hundred combinations when they were developed by the pupils indi- 
vidually, and when the frequency of drill on each combination was 
the same.” Because of his twofold interest Fowlkes’s investigation is 
considered here (methods of teaching) as well as later, in connection 
with the problem of the relative difficulty of the combinations. 

Thirty-one Grade IIIB pupils with a median IQ of 104.5 (range, 
94 to 137) were taught the one hundred combinations in a period of 
twenty days. A pretest showed that the median child could give cor- 
rect answers for twenty-three combinations (range, 0 to 66). When 
instruction began, ten new combinations were presented each day. 
(The order of the combinations is not stated, nor does the report tell 
whether tables were employed.) The daily schedule was as follows: 
development of the new facts additively, 20 minutes; practice on the 
new facts on sheets which presented each fact ten times, 10 to 15 
minutes ; practice on the new facts in problems, 5 to 10 minutes. On 
the eleventh day a test was given on the one hundred facts; and for 
the next nine days 10 minutes a day were spent by each child on the 
combinations he had missed on that test or on later tests. 

The following abbreviated table is a sample of Fowlkes’s findings : 


oo of combinations answered correctly, by days: 


11 1 Te IZ 19 20 
Median 305-08. 59.5 66 69 75 88 91 
Osi... secee thine ane 70 TID 81 90 96 8698 


OBE Memes jeitoe ses 42 54 S/O O/ ne 9 
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The success achieved by Fowlkes’s subjects was considerable. 
While they attained nothing like “100% mastery,” the average pupil 
could at the conclusion of the experiment write correct answers for 
ninety-one facts, and three fourths of the children for seventy-nine or 
more facts. This high degree of achievement is all the more note- 
worthy because of the shortness of the period of learning. Fowlkes 
suggests—and most teachers and students of arithmetic would agree 
with him—that better results would probably have been attained, had 
the experiment lasted twice as long, and had twenty days instead of 
ten been taken to develop the facts at the rate of five a day. The suc- 
cess that was achieved was probably the consequence of several fac- 
tors, among them (a) the attempt to develop meanings before drill (a 
practice much commoner now than at the time of this study), (b) the 
systematic nature of the drill materials, and (c) the provision for 
individual diagnosis and self-directed remedial instruction. 

Thiele (21) was interested in developing a method of teaching 
based upon the idea “of providing experiences which will cause pupils 
to sense number relationships and thereby enable them to develop a 
method of attack rather than leave this to chance,” the purpose being 
to “shift the emphasis from excessive drilling to study based upon 
understanding.” His article contains quantitative data only with re- 
spect to the addition and the subtraction facts (the data on the addi- 
tion combinations have since been amply confirmed by his more recent 
research”), but his observations with respect to the teaching of the 
multiplication facts are of value. 

Thiele had the subjects in his informal experiment first build the 
multiplication tables by addition and then study the completed tables 
for the relationships which they could find. These relationships, ex- 
pressed as generalizations, were then employed actively by the chil- 
dren in learning the facts themselves. Illustrative facts for the table 
with 9 as multiplier are: the first figures of the products increase by 
1 (18, 27, 36, etc.) ; the second figures decrease by 1; the sum of the 
- product.figures is always 9; 9 X 9 is 81, because 9 X 10 is 90. Many 
children used the combination 9 X 5 as a center for organizing less 
well-known facts, e.g., 9 X 6,4 X 9, etc. Once such relationships had 
been discovered and used temporarily in thinking products, the chil- 
dren were encouraged by games, flashcard drills, and similar devices 

*?C. L. Thiele, The Contribution of Generalization to the Learning of the 
Addition Facts (Teachers College, Columbia University Contributions to 


Education, No. 763. New York: Bureau of Publications, Teachers College, 
Columbia University, 1938). 84 pp. 
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to master the facts directly. According to the teachers in the experi- 
ment, much less of this repetitive practice was needed for mastery 
than is the case when relationships and generalizations are not made 
use of. 

It is unfortunate that Thiele has not published his quantitative 
data. His teaching practices differ greatly from what is customarily 
done in arithmetic classes, and some teachers will not be convinced of 
their merits until they have more evidence than they now have. In the 
absence of the needed data, however, it is not being overly credulous 
to accept Thiele’s “generalizations” as sound aids in learning. The 
justification for this acceptance lies in the data reported in his com- 
parable experiments with the addition and subtraction facts. In these 
experiments the subjects who learned by procedures corresponding to 
those described above for the multiplication facts showed great su- 
periority over subjects who had been taught in the traditional way. 

Thus far, three studies relating to methods of teaching have been 
considered. The fourth is by Morrison (12), whose control-group 
experiment was conducted in Grade IV. It was apparently in this 
grade (the account is unclear at this point) that her subjects were 
first introduced to the multiplication facts. Sixty-two pupils were 
taught by “mass” methods with emphasis on large-group activities— 
flashcard drills, games, some written work, and an unexplained ‘‘de- 
vice for crediting children with mastery of the tables.”” Two other 
classes numbering seventy-five children were taught by the “indi- 
vidual” method. The chief characteristics of the latter method were: 
use of individual learning or drill books and of individual cards to 
show each child his errors, checking of work first by the pupil and 
then by the teacher, and a high degree of motivation based upon 
interest in self-improvement. The Wilson Process Test in Multiplica- 
tion SP was used as a pretest in October, as a final test in March, 
and as a retest in Grade V in the following September. This test in- 
cludes eighty-seven of the one hundred facts, forty-one occurring 
once, thirty-five twice, and eleven three times, as well as more difficult | 
examples in multiplication computation. 


Morrison’s findings are summarized briefly below: 


Medians Wilson Process Test 
CA IQ Pretest End Test Retest 
(Oct.) (March) (Sept.) 
Mass Practice Group ........ 9 9.3 105.5 18.0 84.8 64.0 


Individual Practice Group ... 9 5.9 103.4 8.3 80.1 68.0 
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Morrison points out that the individual practice group, in spite of 
initial disadvantages in CA, IQ, and multiplication ability (pretest), 
made greater immediate gains (71.9 per cent as compared with 66.8 
per cent, October to March) and greater permanent gains as shown 
in the September scores (59.6 per cent as compared with 46.0 per 
cent) besides having smaller summer losses. She further states, with- 
out explanation, that her analysis of errors showed “the usual re- 
sults.” 

The program of instruction in the Morrison research had two 
rather unusual features, first, late introduction to the basic facts, and, 
second, a very rapid pace of instruction, such that within five or six 
months the children not only learned the facts but also learned to 
compute with multipliers as large as four-place numbers. The result 
was a rather low standard of work in both groups. The advantages 
claimed for the individual group in the end test and retest seem not 
to be large. Whether or not the differences are reliable cannot be 
determined from the published data. 

Just what was done in this study to teach the multiplication com- 
binations cannot be ascertained from the article. If one were to infer 
the procedure from the use of printed practice books in the one group 
and of much rapid-fire mass practice in the other, one would surmise 
that in both groups learning was left largely to repetition, with but a 
modicum of meaning provided ahead of time. If these inferences be 
valid, the instructional procedures differed considerably from those 
used by Thiele. But whatever the methods used, it is impossible to 
tell the differential effects of the two experimental types of instruc- 
tion upon the learning of the multiplication facts alone.* 

The fifth study on methods of teaching has been briefly reported 
by Wheat (26), an investigation made by one of Professor Wheat’s 
graduate students, P. G. Michael. Both in general purpose and in 
experimental technique this research resembles that of Thiele. 
Neither Thiele nor Michael used a control group, but endeavored 
simply to discover what happened when they taught the facts accord- 
ing to a novel program of instruction; and both investigators made 
serious attempts to envelop the combinations with meaning before 

*A minor aspect of the Washburne and Vogel study (25), summarized 
later, is a comparison of “individual” and “mass” methods of instruction. The 
244 third- grade children taught by the Winnetka “individual” method averaged 
2.2 per cent errors on the combinations as compared with 5.1 per cent made 
by Clapp’s pupils (6). The presumption is that Clapp’s subjects were drawn 


from schools in which group rather than individual methods of instruction 
prevailed. 
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requiring children to master the abstract formulas by repetitive prac- 
tice. Thiele strove for understanding by stressing mathematical gen- 
eralizations; Wheat, or Michael, by employing objective representa- 
tions of the combinations. In the latter study, however, only the 
thirty-nine supposedly most difficult combinations were taught. 

Cards were prepared with the abstract combinations on the front 
and the corresponding number pictures on the reverse. Two samples 
are: 








(Front) (Reverse) 
x3 . | . . . | . . . 
(Front) (Reverse) 





x 
an 





. . . 





As shown above, on the reverse of the cards the multiplicands (9 in 
3 X 9;7 in 6 X 7) were pictured in regular groups which were re- 
peated as often as required by the multipliers (three 9’s, six 7’s). 
The objects of these groups were then rearranged to make as many 
new groups of 10 each as possible. Thus, 3 X 9 gave two groups of 
10, with 7 over (27); six 7’s gave four 10’s, with 2 over (42). 
Pupils studied these cards under conditions which approximated self- 
instruction, working with the number pictures until they understood 
(a) the process of multiplication, (b) how this process applied in the 
case of a given fact, and (c) how the original groups, rearranged into 
10’s (the base of the Hindu-Arabic system of number notation), 
yielded their products. They then worked with the abstract combina- 
tions on the fronts of the cards, referring to the number pictures only 
when they could not recall the products. Wheat states that the forty 
third-grade subjects learned all the difficult combinations with an 
average of twenty-one trials per combination, and the implication is 
that this number of trials was much fewer than is usually necessary. 
Equally important with their success in learning the combinations, 
according to Wheat, was the fact that the subjects ‘developed a de- 
gree of personal pride in their ability to depend upon themselves.” 
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This feeling of pride in independent methods of attack is unques- 
tionably a desirable feature in learning the multiplication facts, or in 
learning anything at all, for that matter; but it is to be questioned 
whether this outcome can be achieved only through use of the par- 
ticular device used in the Wheat study. There is no a priori reason, 
for example, why the same self-dependence might not be engendered 
by the use of Thiele’s generalizations. This hypothesis can be con- 
firmed or refuted of course only through other studies. From 
Wheat’s study it is possible only to conclude that pride in independent 
work habits can be achieved by the pictorial device. It cannot be told 
how this device compares in effectiveness with other devices at this 
point ; nor can it be told how useful the device as such is for teaching 
the facts as compared with other instructional procedures.4 


The most recent study on methods of teaching is that made by 
Wheeler (27). (As has already been explained, Wheeler was about 
as much interested in the relative difficulty of the combinations ; hence 
his data on the latter problem are deferred to the third section of this 
chapter. ) 


Wheeler’s research involved 342 children just beginning Grade 
III, whose median IQ was 101, and median CA, nine years no 
months. His program of instruction was frankly and avowedly one 
of drill. At the start of instruction “a brief explanation was given as 
to the nature of multiplication and how it differs from addition,” and 
a few comments were made on “the generalizations governing multi- 
plying by zero and 1.” From this time on, learning was left to the 
activities incidental to playing the author’s game, MULT-O, which 
is based upon the well-known game LOTT-O. The method of learn- 
ing was that of memorization. Counting-up (e.g., thinking “5, 10, 
15” to secure the product for 3 X 5), repeated addition (‘15 and 5 are 
10, and 5 are 15’’), and the use of tables were all either withheld or 
discouraged when observed. The aim was to secure automatic mas- 
tery with the greatest economy possible. Twenty minutes a day for 
four school weeks were thus spent in playing MULT-O. Learning 
was checked at the end of each week by means of a written test on 
ninety-nine combinations (O X 0 is not used in MULT-O) ; and the 
same test was used as a pretest. 


“Certain criticisms can be made of Wheat’s pictured groups, but these 
criticisms are perhaps best reserved to the last chapter of the monograph, 
where it will be possible to see how these objective representations can be 
fitted into a more comprehensive program of instruction. 
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The results were as follows: 


Tests 
1 2 3 4 5 
Nib ae OH CERI Soocopdeaneden 342 330 318 307 304 
IMiediantyscone: | jceverscitariasterera eis 9.3 30.7 38.1 44.4 51.6 
Qe ayaa yass a winters iavara wet orctevararcee 1.6 16.7 18.6 27.1 34.6 
(Oy pune hose CODrnOn ce Heeacer 28.2 49.1 54.6 61.6 67.7 
Gainwper .weekUaasonece ie cosearie 25: 21.4 7.4 6.3 7.2 
Gainmepenrdayeryvercieiiiacatace mri cits 4.3 15 33 1.4 


Wheeler regards the progress made by his subjects as entirely 
satisfactory and as evidencing the advantages of his drill program. 
Yet, the most obvious fact about his results is that he did not attain 
his end: at the conclusion of the four weeks his pupils were still a 
long way from mastery of the combinations. The average child 
“knew” only about half the facts, and a quarter of them “knew” only 
slightly more than a third of the facts. The poverty of these results 
is especially clear when they are compared with those obtained in two 
studies which have already been reviewed in this section. Fowlkes’s 
subjects, like Wheeler’s, spent twenty learning periods on the com- 
binations, but at the end of that time the average child could give 
correct answers for ninety-one instead of fifty-two facts. Wheat’s 
subjects spent an unstated length of time (“twenty-one practices’) on 
thirty-nine difficult facts, but certainly not so long a period as was 
spent by Wheeler’s subjects, and at the end of their learning they 
could give correct answers for all the studied facts. 

Wheeler recognizes that the learning of his subjects was incom- 
plete and estimates that lengthening the period of study by five or six 
weeks would have produced a reasonable standard of achievement. 
This estimate is based upon the assumption that the weekly gain of 
about seven combinations would have continued. There is, however, 
no reason to accept this assumption. On the contrary, if his subjects 
used exclusively the learning procedures supposedly required by 
MULT-O, a decline in rate of progress would almost certainly have 
set in, for they would have experienced steadily mounting trouble in 
keeping straight the accumulating facts they were expected to know. 

Whether or not this objection is sound cannot be determined from 
Wheeler’s data, but the hypothesis is as warranted as is Wheeler’s, 
that a continuance of the period of drill would have yielded the re- 
sults he sought. It is, in other words, rather dangerous to extrapolate 
his data for four weeks in order to predict what would have happened 
in ensuing weeks. 
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Yet, it is not impossible that Wheeler’s subjects could have 
learned the combinations in a total of nine or ten weeks. If they had 
done so, they would have achieved success in spite of, and not because 
of, the instructional methods to which they were exposed. Success 
would have come to the extent that they were able to discover and use 
the many relationships which Wheeler so carefully kept from them. 
Wheeler himself testifies to the value of the “simple generalizations” 
taught at the start of the experiment; and the large gain in the first 
week (twenty-one combinations) is tangible evidence of their merits. 
Wheeler also states that his subjects made profitable use of the prin- 
ciple governing reverses, though they apparently discovered this 
principle for themselves. 

The truth of the matter is that in his experiment Wheeler learned 
very little about his subjects’ methods of mastering the combinations. 
He knew how he had the children taught, but he did not find out what 
they did in response to these teaching methods. The foregoing sen- 
tences imply that children may learn by processes quite unlike those 
which are supposed to be set up by instruction. They do, as the data 
in Part II of this monograph will amply demonstrate. Wheeler might 
well have supplemented the data from his group tests with observa- 
tions concerning children’s thought processes before recommending 
the wholesale and virtually exclusive adoption of drill methods to 
teach the multiplication facts. 


Summary with Regard to Methods of Teaching 


The six studies on methods of teaching the multiplication com- 
binations warrant the following conclusions : 

1. There is no convincing evidence that pupils should employ 
their multiplication combinations, by extension, to cover the division 
facts as well. On the other hand, there is no convincing evidence that 
they should not do so. The one research study on the problem does 
not provide unambiguous data. Nevertheless, the practice has become 
general to teach the division facts as such either with or after the 
multiplication facts. 

2. There is plenty of evidence (Fowlkes, Thiele, Wheat) that 
children can learn the multiplication combinations in Grade III, pro- 
vided that appropriate and wise methods of instruction are used. 
(The word “learn” in this connection means only “can give correct 
answers for”; but this meaning of the term has traditionally been the 
criterion of satisfactory achievement. ) 
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3. The research evidence in favor of “individual” as contrasted 
with “group” methods of teaching is less emphatic in the case of the 
multiplication facts than it is in other areas of arithmetic and in other 
subject-matter areas. In general, “individual” methods have the sup- 
port of psychological theory, for they enable the learner to detect his 
errors early and to adopt corrective measures at once. 

4. There is some evidence that children learn the facts more 
readily when those facts have first been invested with meaning 
(Thiele, Wheat). This evidence is as yet incomplete, because the re- 
search techniques employed have supplied no comparisons with alter- 
native and nonmeaningful methods. 

5. The evidence with regard to the value of drill procedures is 
not clear, almost wholly because data are lacking to show precisely 
what drill does to advance learning. Drill methods do seem to pro- 
duce a degree of proficiency (27), though little is known about the 
permanence and usefulness of what is learned by these methods. 
There is evidence, admittedly not in connection with the multiplica- 
tion facts, that children learn otherwise than by repetition when they 
do not understand what they are supposed to learn.® Part of the 
apparent success of drill methods may be attributable to causes unre- 
lated, even antagonistic, to such methods. 

6. Independence of work habits is an outcome worth seeking in 
learning the facts. This outcome, it is claimed on the basis of ex- 
perimental observations (and should, it would seem, be granted by 
common sense), is best attained when instructional methods lead chil- 
dren to find and employ relationships—in a word, to understand what 
they learn. 


PSYCHOLOGICAL ASPECTS OF LEARNING AND USE 


Transfer of Training 

The one study in this category (4) was an attempt to determine 
the extent to which transfer operates, or may operate, from certain 
learned combinations to other related and unstudied combinations. 
The investigation was made by R. H. Dahlgren, but is reported by 
Brueckner, who directed the study, in the form of a short abstract.® 

iS William A. Brownell and Charlotte B. Chazal, “The Effects of Premature 
Drill in Third-Grade Arithmetic,” Journal of Educational Research, XXX1X 
(Sept., 1935), 17-28. See also the four-page supplement containing charts 
omitted in this article. 

*In this report but a few of the details of the experimental procedure are 


described. It is possible, however, to complete the description by referring to 
a comparable study reported elsewhere by Brueckner. See E. A. Beito and 
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In this research transfer was measured from the learning of the 
“direct” combinations (combinations in which the multiplier is the 
smaller of the two factors)—and these were specifically taught—to the 
“reverse” combinations (multiplicand the smaller factor), which were 
not taught. Only the tables with 2, 3, and 4 were used, thus making 
a total of forty-two different combinations.? The subjects were 125 
pupils in Grade IIIB and, surprisingly enough, in Grade IIB. 

The tables for 2 and for 2’s were taught first. In the pretest cov- 
ering the sixteen combinations, direct and reverse, 802 wrong answers 
or omissions occurred with both direct and reverse forms, 867 (802 
+ 65) with direct forms, and 847 (802 + 45) with reverse forms. 
Following the pretest and on the same day came a period of study on 
the eight direct forms only, ending with a test limited to the same 
facts. The number of errors and omissions dropped from 867 to 142. 
During the next three days the daily test at the beginning of the 
period contained only direct forms, and these were studied during 
the period and tested again at the end of the period. On the fifth day, 
after the test on the direct forms only and after a short period of 
study on these same forms, a test was given on all sixteen combina- 
tions involving 2, thus including the reverse (unstudied) facts as well 
as the direct forms. The total errors on the direct forms decreased 
during the week from 867 to 23, an improvement of 97.3 per cent, 
which was attributed to direct instruction. The corresponding reduc- 
tion in errors for the reverse forms was 89.7 per cent, and this im- 
provement was explained as the result of transfer. 

During the second week of the experiment the tables for 3 and for 

3’s were dealt with according to the same schedule, and during the 
third week the tables for 4 and for 4’s. The results for all three tables 
follow in condensed form: 
Deouieeucelnen “A Measurement of Transfer in Learning of Number Com- 
binations,” Twenty-ninth Yearbook of the National Society for the Study of 
Education (Bloomington, Illinois: Public School Publishing Co., 1930), pp. 
569-587. This earlier study dealt with transfer in the case of the addition 
combinations. 

™There were eight direct and eight reverse facts for 2 (2 X 2 being 
omitted), seven direct and seven reverse facts for 3 (3 X 3 being omitted), 
and six direct and six reverse facts for 4 (4 X 4 being omitted). However, 
in the prosecution of the study some facts already learned were included in 
the second and the third weeks. In the second week, when the 3-facts were pre- 
sented, the two learned facts 2 X 3 and 3 X 2 were among those in the tests. 
In the third week, when the 4-facts were presented, the four learned facts 
2X 4,4 X 2,3 X 4, and 4 X 3 were in the tests. The effect thus of including 
in the later weeks facts which had already been learned is shown in the de- 


clining number of errors in the second and third pretests. See the abbreviated 
table above. 
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Errors Errors Per Cent 

Table First Day Last Day Gain 
2 Direct, 867 23 97.3 
Reverse, 847 87 89.7 

3 Direct, 559 33 94.0 
Reverse, 542 76 85.9 

4 Direct, 514 61 88.1 
Reverse, 549 80 85.4 


For the three tables combined, the per cents of improvement were 
94.0 for the direct facts and 87.5 for the reverse facts. The improve- 
ment was therefore regularly greater from direct instruction than from 
transfer, but by a margin much smaller than would have been pre- 
dicted by those who tend to minimize the usefulness of transfer in 
learning. The decline in the amounts of learning both for taught and 
for untaught combinations from the facts for 2 to the facts for 3 and 
then for 4 probably reflects the influence of too rapid a pace of 
instruction—forty-two new combinations in three weeks. 

This investigation shows conclusively that transfer may greatly 
reduce the load of learning the combinations and may do so without 
explicit effort to this end on the part of the teacher. The only instruc- 
tional factor in this experiment which could have facilitated transfer 
was the organization of the facts in the form of tables. With delib- 
erate encouragement to transfer learning and with the provision of 
generalizations besides those implicit in the tables, even more transfer 
might be expected.8 

Nothing in the Brueckner report reveals just what was trans- 
ferred from the learned to the unlearned facts, nor how the transfer 
took place. For example, (a) did the pupils transfer their “knowl- 
edge” of the learned combinations, or (b) did they discover somehow 
that direct and reverse combinations have the same answers and then 
transfer this principle, or (c) did they form the habit of reversing the 
places of the multiplier and the multiplicand in the untaught combina- 
tions and use this practice when they were tested on the reverse com- 
binations ?? 

* Experimentation on other problems in the learning of arithmetic has re- 
vealed large transfer effects. To mention but a few sample studies: F. B. 
Knight and A. O. H. Setzafandt, “Transfer within a Narrow Function,” 
Elementary School Journal, XXIV (June, 1924), 780- 787 (common fractions) ; 
Herbert T. Olander, “Transfer of Learning in Simple Addition and Sub- 
traction,” Elementary School Journal, XXXI (Jan. and Feb., 1931), 358-369, 
427-437; James R. Overman, An Experimental Study of ‘Certain Factors 
A ffecting Transfer of Training in Arithmetic (Educational Psychology Mono- 
graphs, No. 29; Baltimore: Warwick and York, 1931). 235 pp. 


®Data to be presented in Chapters IV and 'V show that children do have 
the habit of translating reverse forms to direct forms. Though the extent of 
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Thought Content in Adult Use of Combinations 


One of the earliest among the studies reviewed in this monograph 
(3) was made by Browne at a time when psychology was greatly con- 
cerned with the “content of consciousness.” Browne’s purpose was 
to discover how adults deal with various arithmetical tasks, among 
them the supplying of products for certain familiar multiplication 
facts. His four subjects were given a pack of twenty cards, each con- 
taining some digit from 2 to 9. The experimenter, working with the 
subjects individually, announced a multiplier (2 to 9) just before the 
signals “Ready” and “Go,” after which the subject drew a card from 
the pack and stated the product of the multiplier and the figure on the 
card. Browne observed all significant aspects of behavior and recorded 
each subject’s description of his procedures. 

The nature of the findings is indicated by paraphrasing a sample: 
Three of the four subjects were much given to “motorizing”; they 
tended to recite the tables, particularly when the products were large, 
and even when they were fairly certain of the correctness of their 
answers ; the effort to maintain rhythm in announcing products be- 
came at times a distracting influence; the multiplier rather than the 
multiplicand seemed to determine the relative difficulty encountered 
from combination to combination. 

The use of adult subjects, and especially of so small a number, 
reduces the significance of the findings for the improvement of in- 
struction. Nevertheless, Browne drew several “pedagogical infer- 
ences.” Insofar as these “inferences” apply to the teaching of the 
combinations they are: (a) the tables should be taught as such and 
thoroughly mastered; (b) children should understand the process of 
multiplication as a special case of addition; (c) the multiplier should 
always be stated as the first factor; and (d) such combinations as 
9 X 3 should be immediately changed in thought by making the 
smaller digit the multiplier (3 x 9), thus reducing the number of 
separate facts to be learned. 

It will be noted that not all of these “inferences” follow from the 
investigation. Still, some of them are not without interest—for ex- 
ample, the statement favoring the use of tables in instruction (a posi- 
tion objected to by many later students of arithmetic) and the use of 


this practice was not great in the investigations in question, still under the 
conditions of the Brueckner study it could easily have been encouraged. The 
third possibility above, then, may explain what happened in the case of the 
Brueckner subjects. 
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the research techniques of observation and verbal report which for a 
long time fell into disfavor and have been but lately restored to good 
standing. 


Brightness and Dullness as Factors in Learning 


In his investigation (28) Wilson used as subjects thirty “bright” 
children (IQ between 110 and 120), fifteen of them aged 9 and fifteen 
aged 12, and thirty “dull” children (IQ 80 to 90), likewise divided 
fifteen and fifteen between ages 9 and 12. These two groups of chil- 
dren, differing considerably in “intelligence,” were required to learn 
several new tasks, the purpose being to discover similarities and un- 
likenesses in the learning of bright and dull children. 

Among the learning tasks was that of mastering a series of new 
multiplication combinations, from 2 X 67 to9 xX 67. These combina- 
tions were presented on cards in both direct and reverse forms and in 
both vertical and horizontal orders, the latter with the products given. 
The results in the end tests for the multiplication facts are sampled 
in the following table: 


Number of Correct Answers 


Combination Dull Bright Total 
9 12 9 12 

CME OLER Ei ec oerstc dae 21 93 99 118 331 
CFE teste tinction 22 98 92 118 330 
SEAM OL sae aetsian. wisiste 31 74 73 102 280 
O7mexS Shee ere 20 74 71 101 266 
OEM Gite at ea. e 29 95 58 - 39 271 
OF RAGS een ieb ees 31 99 61 86 277 

TOtahereys eee 312 975 745 1,134 3,166 


So far as learning is concerned, Wilson’s conclusions with regard 
to the multiplication combinations agree with his conclusions from 
his other experiments. What was difficult for the bright children was 
difficult for the dull, and vice versa; “human beings, despite great 
variations in ability and interests, learn in much the same way one to 
another”; that is, the general method of attack is similar for bright 
and dull children, though there are differences in rate, accuracy, and 
retentiveness. 


Wilson’s finding that the reverse forms of number facts are no 
more difficult for learning than the direct forms is debatable in the 
light of other research evidence. And Wilson’s main point, that 
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bright and dull children learn in about the same way, needs to be 
taken with caution. Wilson specifically allows for unlike rates of 
learning, among other differences noted, and this unlikeness in rate 
alone requires large differences in the pace of instruction for bright 
and dull learners. For example, it is to be expected that dull children 
will require many more experiences, both of any given kind and of 
different kinds, to arrive at the same generalizations and understand- 
ings that come rather quickly to bright children. The result is that 
what appears to be merely a quantitative difference in instruction be- 
comes almost a qualitative difference as well. 


Knowledge of Familiar and Unfamiliar Combinations 
Possessed by Adults 


Triplett (22) gave to 419 high-school graduates enrolled in a 
business college a twenty-minute test consisting of 611 multiplication 
facts. The test included unusual combinations as high as 25 X 25, 
with a few omissions in the various tables. Instructions were to write 
the answers without actually solving for unknown products. Triplett 
reports that the latter instruction was not adhered to, and there is 
reason to believe that the time limit was too short. The average score 
for the 293 girls was 214.6 (S.D. 58.1) and for the 126 boys, 217.9 
(S.D. 63.2). Other differences, none of them large, were found be- 
tween students from city and from rural schools. Errors for the com- 
binations above 12 X 12 were not much more numerous than for the 
combinations below this point. 

However valuable for other purposes, the results of this study tell 
little about the guidance of instruction on the basic multiplication 
facts in the lower grades. And, indeed, Triplett himself claims no 
such significance. 


Readiness 


The published research on “readiness” for the multiplication facts 
is meager. As a matter of fact, up until recently only one study (24) 
had been organized specifically to determine when these facts should 
be taught. There is some indirect evidence in other research, for ex- 
ample, in references 9 and 29, and this monograph contains new data 
on the problem. All these studies will be considered in Part III. The 
summary of previous research on readiness is omitted here and is 
reserved to the later point in order to permit a more unified treatment 
of the issues involved. 
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Section Summary 


In this section seven investigations have been assembled under the 
topic “Psychological aspects of learning and use,” and have been re- 
grouped under five sub-topics. One sub-topic, readiness, has been 
postponed to Part III of this monograph. The two studies with 
adults on the extent of knowledge of the multiplication tables to 25 x 
25 (22) and on their thought procedures in dealing with familiar 
combinations (3) do not seem to be very suggestive for the teaching 
of the combinations to children in Grade III. So far as the other two 
sub-topics are concerned, the following conclusions seem to be war- 
ranted : 

1. There is reason to believe that children can profit by transfer 
in learning the multiplication combinations. Transfer has been shown 
to take place (4) in the case of the direct-reverse pairs of facts even 
when instruction does not call attention to the possibility. In other 
words, in this case children are apt to hit upon the principle involved 
themselves and to use it to advantage. It may be inferred (a) that 
transfer should operate in connection with other relationships among 
the combinations and (b) that it may be increased considerably in 
amount if effort is directed to that end. 

2. It is true that in a general way dull and bright children learn 
alike, but the educational implication of this general likeness should 
not be exaggerated. The statement does not mean that we should 
teach bright and slow children in the same way. The differences in 
their rate of work, their accuracy, and their retentiveness (28), to 
mention but a few variables, mean that instructional methods must 
be adapted accordingly. Slow children require more experiences of a 
given kind and a greater variety of experiences than do bright chil- 
dren to arrive at the same level of understanding and degree of 
mastery. 


COMPARATIVE DIFFICULTY OF THE COMBINATIONS 


Of all the problems recognized in this summary, the most popular 
for research has been the relative difficulty of the combinations. 
Eighteen of the twenty-nine references in the bibliography have been 
specifically planned to secure difficulty ratings. Sixteen of the ref- 
erences present original data; these will be considered first. The other 
two references (17, 18) are based upon the results of other studies 
and will be treated more or less incidentally toward the end of this 
section. 
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26 Learning the Multiplication Combinations 


In order to permit ready comparison, the main facts with regard 
to the experimental procedures employed in the different original 
studies are assembled in Chart I. (Because several of the reports con- 
tain data from two or more separate researches it has been necessary 
to designate these sub-studies by letter, e.g., 10a, 10b, etc.) In Chart 
I the investigations are listed chronologically, are classified according 
to type of technique used, and are analyzed with respect to subjects, 
extent of combinations investigated, and the nature of the rankings 
for difficulty. 

Investigations are classified according to type of technique as 
“controlled learning,” “uncontrolled learning,” and ‘‘status.” Studies 
fall in the category “controlled learning” when methods of teaching 
were prescribed and supervised. In these studies observations, in- 
cluding test results, were obtained during the period of instruction or 
afterward or at both times. Such studies, of which there have been 
only five, vary considerably in the degree to which control was exer- 
cised over the teaching, but in every instance they employed subjects 
who were just beginning to learn the combinations. Customarily these 
studies were made in Grade III. Studies are classified as “uncon- 
trolled learning” (a) when no attempt seems to have been made to 
prescribe and direct instruction (as a matter of fact, in such studies 
data have commonly been obtained from several schools which prob- 
ably had quite different instructional programs) and (b) when meas- 
ures were restricted to the results of tests given at the end of the 
period of instruction, usually at the end of Grade III. “Status 
studies” are those in which measures of knowledge were secured at 
points in time distant a year or more from the conclusion of instruc- 
tion on the facts. 


From Chart I several generalizations may be drawn: 


(1) In only four investigations (10a, 8, 14, 27) were measures 
of learning difficulty obtained during the course of learning. In three 
other studies (10c, 25b, 13) measures of knowledge were secured at 
the immediate conclusion of the learning period. The rankings in the 
other studies are made from measures in which unknown and varied 
kinds of teaching, unknown degrees of mastery, and unknown 
amounts of drill and equally unknown ways of distributed practice 
had played their parts. ; 

(2) Subjects have ranged all the way from children in Grade I1 
(10a) to college students and college graduates, one of them with a 
Ph.D. degree (2). 
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(3) All except two investigators (10, 27) included the 100 sep- 
arate combinations in their experiments—the O-facts and the direct 
and reverse forms for each combination. One of these two investiga- 
tors (10) did in a sense include the 100 basic combinations, but 
treated direct and reverse orders together; the other (27) omitted 
0 x 0. 


(4) A variety of criteria have been employed as measures of 
difficulty. The commonest has been the number or the per cent of 
errors, but this criterion has not always been used in the same way. 
For example, Holloway (10a) derived a coefficient of difficulty to 
allow for improvement, and also ranked the combinations in terms 
of their relative susceptibility to forgetting after a summer’s vaca- 
tion. On the other hand, Norem and Knight (14) used number of 
errors as only one of the three measures combined in their index of 
difficulty. Besides the criterion of number (per cent) of errors, other 
criteria which have been employed are number of practices in learn- 
ing and in maintenance testing (14) and measures of time to supply 
products. Whether time is taken as the sole criterion or is combined 
with other criteria, the hypothesis is that those combinations are 
hardest which require the longest time to “think” the products. Even 
among studies employing the criterion of time, as shown in Chart I, 
the method for securing time measures has differed from study to 
study. 


(5) The researches vary considerably also in complexity. One 
of the earliest studies, that by Holloway (10), remains as one of the 
most stimulating and comprehensive, for it explored difficulty from a 
number of angles. The Norem and Knight research (14) also rates 
high in complexity, five kinds of data on difficulty having been col- 
lected. At the opposite extreme in complexity are such studies as 
those by ReBarker (16), who added to the familiar Clapp technique 
of error comparison a different statistical treatment (sigma units), 
and by Smith and Eaton (20), who employed special apparatus to 
control the presentation of the stimulus cards in their group testing. 

Limitations of space prevent a detailed criticism of the sixteen 
original studies. Instead, first, the conflicting results obtained in the 
studies will be illustrated; next, the reasons for the discrepancies will 
be considered ; then, certain factors found to influence difficulty will 
be examined ; and finally, all the research in this area will be evaluated 
with respect to its significance for the problem of instruction. 


28 Learning the Multiplication Combinations 
Conflicting Results 


Chart II has been made up from data contained in eleven of the 
thirteen most recent research reports. The Holloway report (10) had 
to be omitted because therein difficulty rankings are given for each 
pair of facts (e.g., for 2 X 3 and 3 X 2 together) instead of for the 
separate combinations; and the data in the Washburn report (23) 
were not presented in a way which made comparisons possible. The 
chart contains columns for twelve studies, however, since the two 
investigations made by Washburne and Vogel (25) can be treated 
separately. Seven of the twelve studies are “status” studies, one an 
“uncontrolled learning” study, and four “controlled learning” studies. 

In the first column at the left are listed the combinations which in 
one research or another were found to be among the most difficult 
five. The first five combinations, 9 X 7 to and including 9 X 8, are 
the most difficult five according to Smith (19). The second set of 
five, 7 X Oto 4 X O, are the most difficult five according to Clapp 
(5, 6). Batson and Combellich (2) report 9 X 7 and 6 X 9 (from 
the Smith five) as among their most difficult five, 96th and 100th, 
respectively ; and the three combinations 4 x 4, 9 X O, and O X 6 
complete their most difficult five. Washburne and Vogel (25) rank 
only the most difficult twenty-five and the least difficult twenty-five ; 
hence, all the combinations not in their first and fourth quarters are 
marked “‘M” in the chart. The most difficult five combinations in the 
other studies can be readily located, 

If one reads the first line or row of Chart II one discovers that 
9 x 7, which ranked 100 (most difficult) in the Smith investigation, 
was ranked 84 by Clapp, 96 by Batson and Combellich, “M” and 97 
by Washburne and Vogel, 88.5 by Smith and Eaton, 81 by Anspaugh, 
82 by ReBarker, 75 by Murray, 88 by Fowlkes, 89 by Norem and 
Knight, and 95 by Wheeler. The gross variation is from rank 75 to 
rank 100. The specific rankings assigned the other combinations, and 
the range in rank, can be determined from Chart II in similar fashion. 

The first fact of significance yielded by a study of Chart II is that 
it takes a total of twenty-seven of the one hundred combinations to 
include all the combinations which have been ranked among the most 
difficult five (ranks 96 to 100) by some investigator. In all probabil- 
ity similar diversity would be revealed by a study of the least difficult 
combinations. 

Second, wide range prevails generally in the ranks assigned each 
combination, as revealed in the last column but one. The smallest 
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range is twenty-five places, for 9 X 7; the largest is ninety-seven 
places, for 9 X 0. For the twenty-seven combinations the median 
range is eighty places out of a possible ninety-nine (rank 100— 
rank 1). 

Third, the disagreement in rankings is especially serious in the 
case of the O-combinations. The smallest range among the fifteen 
0-combinations in Chart II is seventy-seven places; the largest, 
ninety-seven ; the median, eighty-eight. Still, the median range for 
the twelve other combinations is forty-four places, and this is nearly’ 
half the possible range. 

Fourth, on the average (median) a combination ranked among 
the most difficult five in one study is ranked among the most difficult 
twenty-five in but six other studies as well. Only one combination, 
7 X 8, is ranked in the most difficult quarter in eleven of the twelve 
studies, and only two others, 9 X 7 and 8 X 7, in as many as ten 
studies. (The facts upon which these statements are based are in the 
last column of Chart II.) 

Fifth, the twenty-seven combinations rank from ninth to one hun- 
dredth in the Smith study, from twenty-second to one hundredth in 
the Clapp study, and are about as widely distributed in the other 
studies. 

Sixth, of the twenty-seven combinations listed in the chart only 
nine appear in the Smith and in the Batson and Combellich quarters 
of greatest difficulty. The median for the twelve studies is seventeen. 

These brief summary statements are sufficient to indicate that the 
difficulty locations of the multiplication combinations differ greatly 
from study to study. Faced by the array of data in Chart II, one 
would indeed be in a quandary if asked to list the most difficult com- 
binations in order. Which study should one adopt? Or, if one re- 
fuses to accept any one study, which grouping of studies should one 
accept, and why? Even the three “controlled learning’ studies for 
which full data are available (8, 14, 27) rank the twenty-seven com- 
binations differently by a median of twenty places, and rank ten 
combinations differently by at least twenty-five places.1° 

*° Murray (13) sees more uniformity among the findings of the various 
investigations than has been revealed in the present analysis. Thus, (13: 106- 
107) he points out that of his twenty-seven most difficult combinations, the 
0-combinations being excluded, twenty are similarly regarded as very difficult 
by Smith, twenty-one by Clapp and by Batson and Combellich, nineteen by 
Fowlkes, and twenty by Norem and Knight. He finds similar agreement 
among the easy combinations, the 0-combinations being again excluded. On 


the other hand, the following facts should be noted: (a) Murray restricts his 
comparisons to five studies besides his own, thus leaving out of consideration 
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Reasons for Discrepancies 


It is not at all surprising, after all, that the results of the studies 
summarized should differ so much. On the contrary, when one 
realizes the importance of conditions which varied from study to 
study, one could hardly anticipate more agreement than has been 
reported. Some of the sources for the different results may be briefly 
considered. 

First, the process of ranking is itself a very crude procedure. At 
times it exaggerates small absolute differences in the criterion meas- 
ure, and at times it minimizes large differences. Both tendencies may 
be illustrated from the Norem and Knight study (14), in which the 
criterion scale was unusually extended and in which therefore precise 
rankings might seem to have been easily possible. 

The Norem and Knight scale, based upon three measures of diffi- 
culty which were combined by an undescribed method, extended from 
456 points to 18, with a range of over 400 points. The five most 
difficult combinations had scores of 456, 435, 429, 419, and 412. Here 
a difference of one place in ranking is roughly equivalent to about 
ten points. On the other hand, ranks 81 to 77 (five combinations) 
are derived from scores lying between 207 and 200, and ranks 48 to 
1 from scores between 49 and 18. In many instances two facts had 
the same composite scores and were assigned different ranks in an 
arbitrary manner. It is only fair to state that Norem and Knight 
recognized the unreliability of ranks in the middle of their distribu- 
tion; yet they published the ranks of the one hundred combinations 
as they were obtained. Washburne and Vogel (25), on the other 


the results of another five studies which would have greatly decreased the 
appearance of agreement. (b) There seems to be little to justify the omission 
of the O0-combinations; after all they, like the other combinations, must be 
taught. (c) Furthermore, the elimination of the nineteen 0-combinations re- 
duces the possible range in displacement from 99 to 80 and thus spuriously 
raises the appearance of agreement. (d) Only eleven of Murray’s most diffi- 
cult twenty-seven combinations are similarly placed in all of the other five 
studies, and only nine more are similarly placed in four studies. (e) Only 
nine of Murray’s easiest twenty-seven occur among the easiest in the five other 
lists, and another eight in four lists. These facts do not seem to argue very 
strongly for agreement in research findings. 

Wheeler (27) likewise argues for uniformity among the results of the 
different studies. His rankings correlated on the average .81 with nine other 
rankings, but four of the coefficients are .34 and below. When the 0-combina- 
tions are eliminated in the comparisons (seven this time), the median coeffi- 
cient is .84 and all except one of the coefficient are above .80. (The exception 
is Batson and Combellich 2, with a coefficient of —.35.) Had other available 
listings been included, for example, those of Murray (13) and of Smith and 
Eaton (20), the range in coefficients would probably have been increased, and 
greater variability revealed. 
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hand, reported the relative difficulty of only those combinations which 
lay in the hardest and the easiest quarters. They are the only in- 
vestigators who have followed this practice. 

Second, it is hardly reasonable to expect that “beginners” and 
“experts” should find difficulty at the same points. That is, difficulty 
may occur at one place in the initial stages of learning and at quite a 
different place at later stages. On this account, the discrepancies as 
between learning and status studies are understandable. Still, if this 
source of difficulty is removed and only studies employing the same 
time for measurement (i.e., near initial learning, or after the comple- 
tion of learning) are taken for consideration, discrepancies remain, 
for these studies are subject to the influence of other uncontrolled 
conditions. 

Third, the unlike criteria according to which difficulty has been 
assessed (indeed, even the unlike ways in which the same criterion 
has been applied) should cause differences in ranking. ‘Time to think 
the product” has yet to be shown equivalent to “number of errors in 
learning” as a criterion of difficulty. As a matter of fact, there is 
little possibility that these two criteria are interchangeable. One of 
the first of the difficulty studies (10) pointed out the nonequivalence 
of difficulty criteria, and hence the dependence of any list of rankings 
upon the criterion employed. In spite of this warning subsequent 
investigators have published their rankings as if they were uncondi- 
tional. 

Fourth, minor factors which may well have operated at the time 
the criterion measures were obtained have seldom been recognized 
or, if recognized, have seldom been evaluated as affecting the ranks 
assigned. Washburne and Vogel (25) showed that such a simple mat- 
ter as location of a combination on the test sheet, at the beginning or 
at the end, affected the number of errors made and consequently was 
partly determinative of its ranking for difficulty. It is questionable 
whether exactly uniform conditions prevailed from combination to 
combination when the combinations were presented orally in the Re- 
Barker study (16) or were presented by means of apparatus in the 
Smith and Eaton study (20). Still again, one may doubt whether 
measures of time for “thinking answers” were directly comparable, 
subject to subject and combination to combination. 

Fifth among the experimental conditions which have influenced 
placement for difficulty is the order and organization of the facts for 
learning. The combination 3 x 4 may offer one degree of difficulty 
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(a) if it is taught with 4 x-3, 2 x 4,3 x 5, etc., or in a table, and 
quite a different degree of difficulty (b) if it is taught without tem- 
poral contiguity to these combinations and perhaps together with 
2x 9,7 xX 6,1 X 8, and 4 x 5. In the former case (a), the child is 
aided by relationships which he can readily discover and use; in the 
latter case (b), he is virtually forced to memorize, and the results of 
memorization are impermanent. In every “controlled learning”’ study 
the investigator has had to face the problem of ordering and organiz- 
ing the combinations for presentation to learners—has had to decide, 
for example, whether to arrange related combinations in tables. Even 
in “status” studies the number of errors for the various facts could 
scarcely fail to reflect the particular order and organization of com- 
binations in initial learning. Regardless of type of technique used 
in an investigation, therefore, order and organization have had their 
effect on the difficulty measures collected. Yet it is rare to find in 
research reports any recognition of the extent to which difficulty 
rankings may have depended upon peculiar conditions in this respect. 
It is rare, too, to find any mention of the particular organization 
which characterized the teaching program—if, indeed, this was 
known. 

The sixth experimental condition which affects learning difficulty 
is method of teaching, defined so as to include aspects of the instruc- 
tional program not already mentioned. (This is the last condition to 
be considered here, though there are others.) Washburne and Vogel 
(25) noted great differences in the placement of the O-combinations 
in their two studies. In their ‘controlled learning” study the 0-com- 
binations were taught by means of principle (that is, with attention 
to meaning) ; and in this study the 0-combinations were found not 
to be particularly difficult. In their “status” study the 0-combinations 
had not been so taught, and their placement was at the opposite end 
of the scale of difficulty. Thiele (21) reports that when generaliza- 
tions and understandings and “binding principles” were emphasized 
in learning, the 9-combinations were found to be next easiest after 
the 5-combinations, whereas they have commonly been reported as 
among the most difficult. 

In spite of the many reasons to expect difficulty of the combina- 
tions to vary with methods of teaching, few reports have much to say 
about this matter. In the “status” studies nothing at all is said, 
though it is a fair guess that great variety of methods prevailed and 
that the unique features of the different programs represented in the 
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co-operating schools disappeared in the general “average.’’ Not much 
information as to instruction is given even in the learning studies. 
Holloway (10) states that two objective presentations for each com- 
bination were given “if time permitted,’’ but he was clearly dubious 
about emphasis upon meaning and understanding. Fowlkes (8) had 
his subjects derive the products in each table by addition and there- 
after relied upon drill to secure mastery. Norem and Knight (14) 
likewise did little to insure meaning for what was learned. They 
state that the combinations were first presented through addition, but 
that the tables were not taught as such; instead, the facts were taught 
in random order, save only that the smaller combinations were pre- 
sented at the outset. 


Factors Affecting Difficulty of Particular Combinations 


Through various kinds of statistical analysis several investigators 
have sought to identify factors which tend to make combinations easy 
or difficult. In the following summary particular attention is paid to 
references 13 and 27, in which Murray and Wheeler, respectively, 
report the most recent and thorough studies of difficulty. 


1. The presence of 0 in a combination has commonly been found 
to make for difficulty. This fact can be readily identified in Chart II. 
That the difficulty of the O-combinations is not necessarily excessive - 
has been demonstrated in other studies (e.g., 25, 27). 

2. Difficulty of combinations, as measured by errors, and size of 
products are positively correlated. Murray (13) reports a coefficient 
of .78, which becomes .83 if the one atypical combination 1 Xx 1 
(ranked 77) is eliminated. Coefficients for these two factors vary be- 
tween .50, reported by ReBarker (16), when the O-combinations 
were omitted, and .92 by Wheeler (27). Yet, Thiele (21) in his in- 
vestigation found the 9-combinations, which yield some of the largest 
products, to be among the easiest for his subjects. 

3. There is a positive relationship between the direct and reverse 
statements of the combinations. Murray (13) reports a coefficient 
of .34, so low that “a ‘dynamic’ relationship cannot be inferred” be- 
tween associated pairs of combinations, but high enough to disprove 
an “antagonistic” relationship. Other reported coefficients lie be- 
tween .21 (reported by Norem and Knight, 14, as .76, but recalcu- 
lated by Murray) and .80 (Wheeler, 27). 

4. Combinations involving the same pair of factors vary in diffi- 
culty. Thus, 7 X 9 may be easier or harder than 9 X 7. Murray 
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(13), Smith (19), and Clapp (6) find that the forms with the 
smaller factors first as multipliers are usually easier than the other 
members of the pairs; but this conclusion is challenged by others 
(Batson and Combellich, 2; Fowlkes, 8; Norem and Knight, 14). 

It is impossible to say to what extent these findings, even when 
they are generally supported by research, are valid for all conditions 
of teaching and learning. The present writers can imagine that the 
learning situation might be manipulated so as to yield data incon- 
sistent with all four of the conclusions above. The reader is again 
referred to the Thiele study (21), in which most unusual findings 
were obtained when the instructional program was greatly modified 
from traditional practice. The reader is also referred again to the 
change which occurred in the placement of the 0-combinations under 
markedly different conditions of learning in the Washburne and 
Vogel research (25). 


Evaluation of the Research for Educational Purposes 


A disproportionate amount of space in this chapter has been de- 
voted to the relative difficulty of the combinations. The only justifica- 
tion is that a corresponding disproportionate amount of attention has 
been given this problem in educational research. It has already been 
pointed out that half of the references in the chapter bibliography 
deal exclusively or primarily with difficulty rankings of the combina- 
tions. 

The word “disproportionate” in the above statements implies a 
judgment of values. The space in this monograph and the amount 
of research on the relative difficulty of the combinations would not 
be disproportionate (a) if the research findings had established im- 
portant new bases for instruction and (b) if the problem of relative 
difficulty were crucial to instruction. Condition (a) is not met be- 
cause research has not resulted in a reliable and valid body of data. 
Condition (b) is not met for reasons which will be considered 
shortly. 

With regard to condition (a) the rankings of two independent 
studies usually correlate .75 or less, and no one study or type of 
study seems to possess all of the merits and none of the weaknesses 
noted in the foregoing paragraphs. Ruch (18) has argued for the 
superiority of learning studies in general over what have here been 
called status studies, and has argued also for the Norem and Knight 
research (14) in particular, as compared with the research of Clapp 
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(5, 6) and Fowlkes (8). Yet, the Norem and Knight investigation 
has too many limitations to warrant the acceptance of the data ob- 
tained therein as being definitive, final, and universally valid. 

Nor is the situation improved to any extent when an “average” 
or some other kind of compromise is sought. This procedure is 
illustrated in the work of Rock and Foran (17), who prepared two 
composite rankings from data reported by others. “Composite I” 
is a ranking for learning difficulty and is derived from Clapp’s error 
data in Grades III and IV (6) and from the corresponding Grade 
III data published by Washburne and Vogel (25) and by Fowlkes 
(8). “Composite II” is for grades after the completion of learning 
and is based upon data from seven studies made above Grade IV. 
In both composites rankings were obtained by locating each com- 
bination in its quarter of difficulty (most difficult twenty-five, next 
most difficult twenty-five, and so on) and then by taking the means 
of these quarter-placements. The rankings of Composites I and II 
do not of course agree. How far this process of averaging results 
can eliminate weaknesses in the separate studies is an open question. 

But the writers’ criticisms go much beyond the technical limita- 
tions of the various studies. They are concerned with the signif- 
icance of the problem itself, with the feasibility and usefulness of 
determining the relative difficulty of the combinations. In this con- 
nection three points will be made. 

In the first place, the research on relative difficulty has involved 
the assumption that there is a final, fixed difficulty ranking for each 
combination, a difficulty which is unaffected by variations of any 
kind in the circumstances of learning. Accordingly, investigators 
seem to have set themselves the task of ascertaining the relative 
difficulty of the combinations, and persons of a theoretical turn of 
mind have spoken about differences in the “intrinsic” difficulty of 
the combinations. Now, in the writers’ opinion there is no final 
order of difficulty, apart from the learner and all the conditions which 
govern his behavior. If difficulty is not ultimate and absolute and 
final and “‘intrinsic,’”’ then the most that an investigation can do is to 
find the difficulty order of the combinations for a particular set of cir- 
cumstances. Here again one of the first investigators of this problem 
repeatedly warned his reader that his results held only for the study 
which he made. One quotation will serve to illustrate Holloway’s 
caution, a caution which has not been at all generally heeded: 
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‘ 


‘.. . difficult for whom? at what age and grade, and under what 
method of instruction?” (10:36). 

The second point is that rankings have regularly been obtained 
by testing children who have “mastered” the combinations through 
repetitive practice, in accordance with a drill conception of arith- 
metic. If as the final test of knowledge one accepts glibness of 
answer (quickness, with accuracy but without understanding), then 
perhaps the studies of relative difficulty have furnished data of some 
value, however ambiguous they may be. If, however, one insists 
upon more than glibness on the part of the learner—in a word, if 
one insists upon understanding and the ability to use what is learned, 
then one cannot be content with difficulty rankings arrived at under 
conditions of instruction which are designed to attain other ends. 
As a matter of fact, the outcomes of meaning, understanding, and 
use can probably be achieved through a variety of programs. And 
if this is so, then a study based on any one program which stresses 
meaning and significance would be subject to the limitation men- 
tioned in the immediately preceding paragraph: it could reveal the 
comparative difficulty of the facts only for that particular program. 

The third point has to do with the frequently mentioned but sel- 
dom respected fact of individual differences. Consider the following 
cases selected from data reported by Norem and Knight (14): 


Child CA IQ Total Combinations Total Learning 
Passed on Pretest Responses 
A ea err 7-11 146 48 532° 
enor 9-6 103 5 2,565 
Bpntatioenaeen ders 8-11 126 65 516 
Hoes a eet ah 9-0 126 17 3,271 


One child (F) “knew” thirteen times as many combinations at the 
start of the experiment as did another (B) in the same grade. The 
youngest of the four subjects (A) “knew” nine times as many as 
the oldest. Subjects F and L had the same IQ, but L required six 
times as many learning responses. Differences of this kind are the 
rule among the children of typical classes. Can anyone suppose in 
the face of such facts that a single order of difficulty characterized 
these four children—or that practice based upon any order of diffi- 
culty would have been equally effective for all four? Is it not more 
probable that differences as to difficulty among these children varied 
as much from child to child as did CA and IQ (to mention but two 
important factors) ? - 

Or, consider the case of a fourth-grade child found in the inves- 
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tigation to be reported in Part II. This child utterly failed to 
respect the findings of research as to combination difficulty. He had 
for some reason early come to useful knowledge of 7 x 9, rated 
generally as very difficult (see Chart II), and made use of this 
“hard” combination to find products for many others rated as much 
“easier.” 

Individual differences are important not alone in the academic 
laboratory of the psychologist; they are important in the classroom 
as well; and difficulty rankings have the deficiency of all averages, 
for they obliterate individual differences. It is the wise teacher who 
recognizes the significance of individual differences in general, in the 
learning of the multiplication combinations as well as elsewhere. And 
it is the wise teacher who provides learning experiences as needed 
by individual children regardless of the resemblance of her practice 
to the “facts” found by research on the difficulty of the multiplication 
combinations. 

CONCLUDING STATEMENT 


In this chapter the twenty-nine published reports of research have 
been reviewed under seven topics and sub-topics. For a statement 
of the findings the reader is referred to the closing paragraphs of the 
three main sections of the chapter. One of the main conclusions to 
be drawn from the whole body of research is that as yet we know 
exceedingly little about the teaching of the multiplication combina- 
tions. —(With-this~ conclusion. Wheeler,-27,-would disagree.). Per- 
haps the chief reason for our lack of knowledge is that research 
studies tell us next to nothing about the way children actually learn 
the combinations. We know that learning is transferred (4), but 
we do not know what is transferred, nor how the transfer takes place. 
We know that drill develops proficiency in producing quick and 
accurate responses (e.g., 8, 14, 27), but we do not know why, nor 
whether the results of repetitive practice are permanent and func- 
tional. We know that when taught in certain ways, some of the com- 
binations are difficult and some are easy, but we can only surmise 
with regard to the reasons., . , , 

Only now and then in research reports does one encounter data 
on the process of learning; that is, data which tell us how children 
learn the combinations. The Thiele and Wheat investigations (21, 
26) show that meaningful experiences which precede abstract drill 
pay good dividends. Norem and Knight (14: 568) have shown that 
under conditions of drill children learn what numbers are products 
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(e.g., 6, 10, 16, 18, etc.) and what numbers are not products (e.g., 
17, 23, 31, etc.) ; that erroneous answers are generally the correct 
products for other combinations (91 per cent in their study) and are 
usually the products for closely related combinations (67 per cent) ; 
that when a combination becomes susceptible to error, other com- 
binations closely allied to it also become susceptible to error. But, 
after all, these data are derived from a program of instruction which 
presented the combinations in random order with slight attention to 
understanding. P 

And we know also that for some reason the pairs of combina- 
tions (direct and reverse forms) are related by learners, that in 
general, but not consistently, children succeed better in learning com- 
binations in which the first factor is the smaller, and, again in gen- 
eral but not consistently, difficulty mounts with the size of the ~ 
product. But here, too, observations have been incomplete, for they 
have not revealed the reasons for the behavior which has been noted. 

From what little has been reported in published studies—and 
just as truly from what has not been reported—it is possible to 
construct a description of the learning process which is rather gen- 
erally supposed to hold in learning the combinations (a description 
which, however, would not be approved by Wheat and Thiele, among 
others). One shows the child—or lets him find out from one or 
two experiences—that 3 X 4 is the same as 4 + 4 + 4, and that the 
answers for both numerical expressions are the same; then through 
repetitive practice of various kinds one has the learner master the 
formula, “3 x 4 = 12.” The most extreme statement of this con- 
ception of learning is found in Wheeler (27). (See Chapter X of 
this monograph. ) 

The limited success obtained by Wheeler (see p. 15, above) 
in teaching the multiplication combinations challenges, if it does not 
refute, the validity of this conception of learning. As a matter of 
fact, Wheeler concedes that his subjects made profitable use of 
certain generalizations, some of which they evidently discovered in 
spite of the method of instruction to which they were subjected; but 
his assumption that his subjects learned the other combinations by 
methods which corresponded to his instructional methods is wholly 
inferential and, in the opinion of the present writers, quite invalid. 

In summary, then, the fact remains that our knowledge with 
respect to children’s procedures in learning the multiplication com- 
binations is meager. It is the purpose of Part II to present new 
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data in this connection, with the further purpose of leading even- 
tually to an improved methodology of instruction. 
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Part i 


Learning the Multiplication Combinations: 
Two New Studies 





CHAPTER III 


DESCRIPTION OF PROCEDURE 


Part II of this monograph reports two studies in which the ex- 
perimental procedures were very closely similar. Two techniques were 
used, namely, (1) group testing and (2) individual testing, or inter- 
viewing. The group tests consisted of the eighty-one basic multiplica- 
tion combinations with the nineteen O-combinations omitted ; the com- 
binations in the test were mimeographed in nine rows, nine combina- 
tions to the row. These group tests were given to all pupils in Grades 
III to V in the co-operating schools and were intended to yield the 
two commonly secured measures of mastery, (a) rate of work and 
(b) accuracy of answers. Individual interviews were then held with 
as many as possible of the children who had taken the group tests, 
the purpose being to obtain a third measure of learning, (c) the terms 
in which children thought about the combinations. This third measure 
is not usually obtained in educational research in the field of arith- 
metic. 


The two studies were planned to discover as much as possible 
about the way in which children learn the combinations by securing a 
series of five cross-section descriptions, as it were, at as many spaced 
intervals throughout two and a half years of schooling, from the 
end of the third grade to the end of the fifth. Group tests and inter- 
views were accordingly scheduled for the first week in December in 
Grades IVB and VB and for the first week in May in Grades IIIA, 
IVA, and VA. While it is common practice to expect mastery of all 
combinations by the end of Grade IVA, tests and interviews were 
given in Grades VB and VA also, so as to picture learning at its latest 
as well as at early and intermediate stages. 

The first study, reported in Chapter IV, involved four schools, 
two in Burlington and two in Raleigh, North Carolina, and was con- 
ducted by the senior author and by thirteen of his graduate students 
at Duke University. All group tests and interviews in this study were 
administered by these persons after numerous conferences to work 
out methods of testing, interviewing, recording, and interpreting 
which could be held to consistently. Since this “intensive” study was 
made in near-by schools, it was possible to supervise the collection 
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of data in a way which was impossible in the second and larger in- 
vestigation. This second study, which is reported in Chapter V, in- 
volved schools in eight states; and local teachers, principals, and 
supervisors had to assume responsibility for gathering data. With 
these persons contact could be maintained only through correspond- 
ence. 


DETAILS OF THE PROCEDURE 


Subjects 


The number of subjects in the two investigations totaled more 
than 4,000. Of these, 3,619 furnished records which could be used in 
one or more phases of the research. About 250 papers were lost 
from the first group testing because pupils failed to follow directions 
for keeping time records. Other losses occurred in the second group 
testing because of absences. Somewhat fewer than 1,900 children 
were interviewed, all of them once, and enough twice to yield a total 
of 2,887 interview records. 

The distribution of subjects who supplied group test data is given 
in Table 1, by half-grades, states, and school systems. Corresponding 
facts for interview subjects are summarized in Table 2. In both 
tables a distinction is indicated between the groups of subjects in the 
local or intensive study (all from North Carolina) and those in the 
extended study (eight states, nineteen school systems). The average 
number of subjects per half-grade is about twenty-five, and both 
rural and urban communities are represented. 


It has already been explained that contact with the schools in the 
larger study could be set up only by mail. In each co-operating sys- 
tem one teacher was appointed as co-ordinator, to receive and dis- 
tribute supplies and instructions. In addition to personal letters to 
these co-ordinators, full mimeographed instructions and explanations 
were sent through them to all teachers. Four such communications 
were employed: (1) “General Instructions” ; (2) “The Group Test” ; 
(3) “The Individual Test”; and (4) an untitled letter reminding co- 
ordinators, under date of April 4, of the necessity for organizing for 
the spring testing and interviewing. All teachers in Grades IV and V 
received communications (1), (2), and (3) in the fall; teachers of 
Grade III received only communication (1) at that time, (2) and 
(3) being sent them in the spring. Copies of the first three com- 
munications will be found in the Appendix. 
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TABLE 1 


NuMBER OF USABLE Group TEST PAPERS, By HALF-GRADE AND BY 
ScHoot SysTEM 


Number of Usable Group Test 


‘umber of Papers, by Half-Grades 
State School System Classes, by 


Half-Grades IIIA IVB IVA VB VA 


Intensive study 
(Chapter IV) 


North Carolina ..Burlington....... 2 (60) Sae59 56 65 55 

Raleienee eee 2 (64) 58 52 62 62 

Tai tesa ts ms. Fe: (124) 117 108 127 117 
Extended study 
(Chapter V) 

Bloridanw sais sok G@learwater- cyst... 1-2 (41) 50 41 55 51 

Cortese ase 1 ( 7) 7 6 5 5 

Lake Worth...... 1 (40) 29 24 44 43 

Wentucky:. 92 2.4. Wersailles; .:..250.1- 1-2 (25) e550 48 39 33 

Mississippi... ... Gunnison: 2... ....-. 1 (26) 31 25 32 30 

Lumberton....... 12: 15 19 16 17 14 

INettleton=.. 4...’ 1 11 14 12 17 13 

New Albany...... 1 (19) 331 26 29 27 

Oxford™rsass.,505 2 2 (54) 59 44 68 62 

North Carolina ..Raleigh.......... 1 (17) 33 28 25 20 

Taylorsville....... 2 56 54 47 76 69 

Wake Forest...... 2 51 55 43 62 58 

Pennsylvania. ...Nanty-Glo........ 1-2 (47) 44 43 74 69 

South Carolina...Orangeburg....... 2 65 62 56 67 61 

Winpiniaerr esi. Pain tens errs aera 1 (5) ai 12 il 11 

Parksleycesis. cs - 1 (15) 20 16 24 24 

Temperanceville. .. 1 (18) «18 14 17 13 

West Virginia....Oakvale.......... 1 (35) 26 22 35 33 

Ota ROA I AA ero os rail ae. 557¢ 613 523 697 636 

GraNAUhOralsMr teats Re ears cee 681 730 631 824 753 


*The numbers in the parentheses stand for papers of pupils who had studied fewer than the 81 multi- 
plication combinations in the test. In some cases the combinations had been studied through the tables 
of 5’s; in others, through the tables of 6’s or 7’s. 

The total 557 included 359 children who had studied fewer than the 81 combinations and 198 who 
had completed the whole series of tables. 


The Group Test 


Page 172 of the Appendix contains a sample of the group test on 
the eighty-one basic combinations (the O-combinations being ex- 
cluded). This test was given once in Grade III, in May, and twice 
in Grades IV and V, in December and May, in order to secure meas- 
ures of rate and of correctness of answers at the ends of Grade IIIA, 
IVB, IVA, VB, and VA. Although some of the Grade IIIA classes 
had studied fewer than the eighty-one combinations, they were never- 
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TABLE 2 


NuMBER OF SUBJECTS FROM WuHom INTERVIEW DATA WERE OBTAINED, BY 
HALF-GRADE AND BY SCHOO! SYSTEM 








Nuskber oF Number of I. ee by 
er 0. Hal 
State School System Classes, by at a 


Half.Grades IIIA IVB IVA VBA 





Intensive study 


(Chapter IV) 





North Carolina ..Burlington....... 2 (78)* 76 76 70 70 

Raleigh)... eee. D (70) 60 60 68 68 

TOtAl Sain Ae a cis eo CER ee Aas (148) 136 136 138 138 
Extended study 
(Chapter V) 

Hloridasee ener Clearwater....... en (37) 46 38 19 18 

Corteze ae. Beis 1 ( 6) 9 9 5 5 

Lake Worth...... 1-2 (45) 29 26 24 20 

Kentucky....... Versailles....05.... 2 11 23 15 11 8 

Mississippi...... Gunnison......... 1 (18) 30 25 25 15 

Lumberton....... 1-2 21 17 17 16 16 

Nettleton......... 1 11 12 12 14 14 

New Albany...... 1 (US)ieat6 14 15 14 

Oxfordeeseee eee 2 (54) 55 48 59 51 

North Carolina ..Raleigh.......... 1 (13) 14 14 25 22 

Taylorsville....... 2 57 41 36 40 34 

Wake Forest...... 2 19 17 16 18 16 

Pennsylvania. ...Nanty-Glo........ 2 (43) 48 47 48 47 

South Carolina...Orangeburg....... 2 32 63 51 15 14 

Wireiniaen nee Painter eee eee 1 (18) 14 13 13 13 

Rarksleve nee: 1 (27) 10 10 28 26 

Temperanceville... 1 (19) 10 9 16 16 

West Virginia... Oakvale.......... 1 (28) 29 25 35 24 

Totals, aise sateen ene 474 483 425 426 373 

Grand! Total siete 5 voters osterieeeeue ee 622 619) S6l) S64 


*The numbers in the parentheses stand for children who had studied fewer than the 81 multiplication 
combinations in the test. In Chapters IV and V interview data are used only for the combinations which 
were supposed to have been mastered. Of the 622 third-grade children, 334 had studied fewer than the 

combinations. 


theless asked to take the whole test, in order to permit certain com- 
parisons between responses to learned and to unlearned combinations. 


The children were told to work as rapidly as possible on the group 
tests without making errors. If they encountered combinations which 
were too difficult for them, they were to omit these and to go on to 
the next better known combinations. In the scoring, one point was 
allowed for each correct answer. Thus, the highest score was 81 
points. 


The measures of rate of work were obtained in the following 
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manner: The teacher (or examiner) announced before the test that 
he would say “Mark” several times during the testing. Each time 
they heard this word, the children were to underscore or otherwise 
indicate the combination on which they were at work, and to go on 
at once without stopping. It was emphasized several times that 
“Mark” did not mean to stop work. The pupils did not know how 
often this signal was to be given; as a matter of fact, it occurred each 
thirty seconds. No time limit was set for the test. In each class work 
was continued until all except the slowest three to five pupils had 
finished. 

The “marks” were then used to determine rate of work. A count 
of the “marks” on each paper told how many full thirty-second inter- 
vals were used. To the total time represented in these units was 
added a proportionate time for the combinations at the end of the 
test after the last “mark.” 

This method of timing was not wholly satisfactory, for several 
children, particularly in the lower grades, neglected to make some of 
the marks when time signals were announced. When it was im- 
possible to arrive at a fair estimate of the time for such a pupil by 
using such data as his paper afforded, the paper was rejected both 
for the study of rate and for the study of accuracy. Other papers 
were rejected when children skipped a whole row of examples. For 
these two reasons together, about 7 per cent of the papers were elim- 
inated in Grade IIIA, 9 per cent in Grade IVB, and less than 5 per 
cent for the grades above that point. A negligible number of papers 
(1.5 per cent) were discarded because of illegible answers. 


The Interview 

To secure data with respect to thought processes, interviews were 
arranged with individual pupils within two weeks of the group tests. 
All children tested in the local study could be interviewed as well, for 
there were enough interviewers. This was not true in the extended 
study. In the latter case teachers were asked to interview all their 
pupils if they could, but, failing this, to select subjects in a manner 
which would guarantee a representative sample. They were to inter- 
view the first pupil on their alphabetical rolls, then the second, the 
third, and so on, going as far through the rolls as time permitted. 
Actually, comparison of the figures in Tables 1 and 2 will show that 
these teachers were exceedingly generous in their co-operation. When 
the reader realizes that each interview took fifteen minutes, he can 
appreciate the extent of the service rendered. 
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Fifteen combinations were used in the interviews. These combi- 
nations were chosen so that (1) all tables should be represented and 
(2) in general only the more difficult ones would be used. The se- 
lected combinations were then arranged in an order which minimized 
the possibility of using one combination to solve the next.1_ Thus, 
5 X 7 was followed, not by 5 X 6, by 5 X 8, by 4 X 7, or 6 X 7, but 
instead 9 X 6 which contains neither factor in 5 x 7. 

Prior to the start of the investigations, a preliminary study was 
made in order to secure categories for classifying pupils’ thought 
processes in dealing with the combinations. In this study more than 
thirty pupils were interviewed, part by the writers and the rest by 
graduate students under their observation. A list of eleven categories 
are explained later in this chapter. 

In the interviews children were of course taken one at a time. 
Cards had been prepared, each containing one combination. After 
explaining what was expected, the interviewer exposed a practice 
card for a combination not used in the research proper, asked the 
child to state his answer, and made careful observations of all relevant 
behavior. In many cases the child revealed his procedures by “think- 
ing out loud,” by lip movements or hand movements, or in some other 
overt manner. When this was not true, the interviewer undertook to 
learn from the child what processes he had used, carrying the ques- 
tioning just far enough to get this information without supplying 
cues and without making him self-conscious of his processes. Work 
with the practice cards was discontinued only when the interviewer 
was satisfied with respect to rapport and to the child’s understanding 
of his task. 

Then the research interviewing began. The interviewer exposed 
the first combination card and noted on the record form (a copy is 
on page 51): (1) his numerical answer, whether correct or incorrect, 
(2) the code letter which corresponded to the appropriate category 
for his thought pocess, and, in certain cases when there was any 
doubt as to the pupil’s procedures, (3) the actual words used by the 
child to describe what he had thought. These exact reports were then 
used by the staff at Duke University to classify, if possible, all doubt- 
ful responses. 

On page 52 will be found a description of the categories for 
classifying children’s procedures, together with the corresponding 


+The range of “difficulty” among the fifteen combinations is from rank 47 
to rank 92 according to the Norem and Knight list, with the median rank 76. 
The range according to the Clapp list is 13 to 83, with the median at 58. 
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code letters. It will be noted that the code letters are repeated at the 
bottom of the: record form (below), each with a brief definition, and 
that illustrative cases of interviewed subjects appear at the top of this 
same form. 

All categories except the first three proved to be entirely satis- 
factory. That there might be trouble at these three points was known 
before the local investigation was started,? and steps were taken to 


INTERVIEW BLANK 








Date 

Schoo |aeamerueee eure owns = ee State 
Mea chet eee eee ee es Grade === interviewer = = 

| 
Pupil’s | 7 Gee eSelOme eS Gmlieou lies, PAWS a4: 5 Sty 3 
name | 5] 9/8 /5|7/4/7/8)6/2]/7]3]8]3]% 
Joe H. 35 DANI ESONES6r 24 QI 72) | 42S 28) |) U5) 48" || 52. 18 
As | oN eee fe | eee | A | tA ne OH teens eA | EA Gn | EN ee Neo OEE 

65+8 

Susie Q. | 35 | 54 | 24 | 30 | 56 | 24 | 21 | 75 | 42 | 18 | 28 | 15 | 48 | 60 | 18 
FAG | eesti one emer fr Sen eA | AC Goto EAU ETS lene 









































H — Habituation, meaningful C — Counting N — No Attempt 
M — Memory, rote R — Reversal I — Indeterminate 
G — Guessing T - Tables X — Miscellaneous 
S — Solution . V — Visualization (describe) 


*In her Master’s thesis, Miss Bertha Nichols was not always ae to dis- 
tinguish with certainty between the processes here designated as G, M, and H. 
Bertha Nichols, “How Children Learn the Multiplication Facts.” ‘Unpublished 
M.Ed. thesis, Duke University, 1934. 55 pp. 
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Code Letter Description of Class 

H Habituation, meaningful. The correct answer is confidently given 
at once, with every indication of understanding. 

M Memory, rote. The answer is given at once and with apparent 
confidence, but there is no evidence of understanding. 

G Guessing. The answer, usually wrong, is given rather promptly, 
but it is evident that the child is guessing. 

S Solution. The child starts with a familiar combination, and adds 


to, or subtracts from, the product to get the answer. There 
are many kinds of solution, for example: 
OPS Atha 8 = ee 
3% 44 xX 4 16, — 4 = 
CeunOnee The child adds or pou the same unit several times. 
XAFS NO OZ Onan o 


R Reversal. The child interchanges aaa and multiplicand, in 
aus ie geta ar familiar order. 
Aeolian = aloe SOOM cial os 
1 ae The child starts with a lower combination in the particular 
table involved and recites the table to the see point. 
4x62 7; 4% 1=454xX% 2=>8:)4x* gece 
On 46x54 == 164X520 4 ne 
V Visualization. The child reproduces groups of objects or figures 
in clear EET, and works with these. 
4X45) =" 40% Sc (nickel)))—)20c) orc: 


N No attempt. The child makes no attempt to state the answer. 

I Indeterminate. The child gives an answer for the combination, 
but you cannot ascertain how he got it (that is, his processes). 

X Miscellaneous. The child reports a process not included in the 


preceding list—or you are uncertain as to its proper classifica- 
tion. Report what the child said, using the back of the Inter- 
view Blank if this is necessary. 
minimize inaccuracies arising from this source. Indeed, it was this 
foreknowledge which inspired the preliminary interviewing with 
which the reader is already familiar (p. 50, above). 

“Guessing”’ caused less trouble than did “rote memory” (M) 
and “meaningful habituation” (H). Incorrect answers that were 
meaningless, as shown by the child’s inability to justify his answers, 
could be safely entered as “G.” No such certainty attached to 
processes, possibly “Guessing,’’ which led to correct answers. Quite 
probably, some entries under “M” and “H” belong more properly 
under “G,” but the number of such errors is not large. In most 
instances the questioning which followed responses classified tenta- 
tively as G revealed the validity or the invalidity of this classification. 

So far as H and M are concerned, the following procedure was 
adopted: (1) A tentative entry of M or H was recorded at once for 
combinations with which one of these processes seemed to have been 
used. At this time questioning was carried only far enough to give 
a reasonable basis for preliminary classification. Then after the 
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subject had responded to all fifteen interview combinations, he was 
taken back over the M and H facts. (2) On the second trial the 
child was asked, “But how did you know that . . . was the correct 
answer?” and, “What did you think to get the answer?” If these 
questions did not elicit an unambiguous report, an absurd sugges- 
tion was given. For example, for 8 X 3 it might be asked, “Did 
you get your answer by thinking ‘8 and 3 are 11, and 7 are 18, and 
6 are 24’?” In his eagerness to avoid suspicion of so ridiculous a 
method, the child usually revealed what he had thought. If this 
explanation warranted an unequivocal classification as to process, 
the next doubtful combination was presented. If not, the original 
entry of H or M was allowed to stand until the remaining doubtful 
facts had been considered. The child was then taken back over the 
uncertain M and H facts. (3) On the third trial the interviewer 
said, “But suppose I say that 24 (for 8 X 3) is not the correct 
answer. Suppose I say that the answer is 25. How could you 
prove me wrong?” If the child was able by any rational and logical 
method to prove the correctness of his answer and the incorrectness 
of the suggested answer, it was assumed that he understood what 
he was doing, and he was given credit for H. If, on the other hand, 
he had no way of testing the correctness of answers, his process was 
classified as M. 

This whole procedure sounds much more complicated in the 
description than it was in actual use. The child was not aware of 
the three levels of questioning, and so his responses remained true 
to reality and unaffected by the inquiry. For this reason the figures 
given below for M and H in the local study are offered with con- 
siderable confidence. 

As will appear in Chapter V, the data for G, M, and H in the 
extended study do not wholly agree with the corresponding data for 
the local study. The interviewers in the extended study were not 
furnished statements of the carefully worked out procedures (just 
described) for distinguishing among the three processes. These 
directions could be explained and illustrated simply enough when 
instructor and interviewer were face to face; but the prospect of 
making them clear by mail seemed very doubtful. On this account 
reliance had to be placed in statements much less specific. In this 
connection the relevant paragraphs from the “General Instructions” 
are quoted below. It may be added that later, in the communication 
“The Individual Test,” teachers were advised to read again these 
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cautionary paragraphs before attempting to master the specific in- 
structions and explanations for interviewing. 


The group tests, you will find, will be easy to administer, for you 
have had many experiences in giving similar tests. The individual tests, 
on the other hand, are not easy to give. On the surface, the interview 
appears to be a very simple procedure for securing research information; 
in reality it is a very difficult procedure to employ effectively. This is 
especially true in investigations such as this one, in which one seeks to 
get at children’s mental processes and manipulations. 

The interviewer should observe not only the subject’s verbal responses, 
but also his facial expressions, lip movements, and mechanical activities, 
since all of these may reveal what the child is thinking. A normal, 
friendly relationship should exist between interviewer and subject. The 
interviewer must be careful, however, to avoid approval or disapproval 
and the giving of cues or suggestions. (The child is apt to adopt what- 
ever suggestion is offered in place of his true process.) Also, the inter- 
viewer must exercise caution not to push the questioning too far, lest-the 
child become self-conscious, and his responses and methods cease to be 
typical. 

These warnings may seem to be unnecessary, but actually they are 
not. Teachers who have had the most experience with the interview 
will be the first to recognize the need of the cautions and to advise their 
less experienced friends to heed them. Every possible safeguard must 
be taken to guarantee true records of children’s thought processes in deal- 
ing with the interview combinations. You will soon discover that an 
apparently “known” combination may not be “known” at all, but that the 
child has recited the tables, or guessed, or solved from better known com- 
binations, or counted, or given a glib, meaningless answer, even if it be 
correct. It is precisely this kind of information which the interview is 
designed to supply. You see, for the purposes of this part of the inves- 
tigation, the correctness or the incorrectness of the answers is relatively 
unimportant; what we want to know is how the child thinks to get his 
answer. 

EVALUATION OF THE PROCEDURE 


The techniques used in the present investigations provided three 
measures of learning: rate, accuracy, and type of thought process; 
and they provided these measures at five points in learning, each 
pair of which were separated by a half-grade of instruction, from 
Grade IIIA to Grade VA. A combination of the three measures 
would, it was hoped, shed considerable light on the course of learn- 
ing the combinations from its start to a stage which may be called 
mastery. Each kind of measure contributes its share of illumination. 
The two measures, rate and accuracy, are the traditional measures 
both of research and of the classroom. They reveal the efficiency 
which the child has attained in dealing with the combinations, this 
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and this only. To complete the picture of learning, it was necessary 
therefore to secure data of a different and of a more intimate kind; 
accordingly, the interview was employed in order to disclose what 
changes, if any, in level of quantitative thinking characterize prog- 
ress toward mastery. Data for this purpose were not obtainable 
from test papers, for answers reveal little concerning the processes 
which lie behind them. 

The interview is not exactly popular in educational research on 
learning. The reason lies in doubt concerning the reliability and 
perhaps the validity of the data secured thereby. In the present 
instance, as usual, there is no statistical evidence for the reliability 
of the interview data. Yet, the writers have confidence in their 
results with respect to thought processes, particularly in those ob- 
tained in the local study. The major source of error in these results 
has already been mentioned, namely, some uncertainty with regard to 
entries under “G,” “M,” and “H.” But, as later chapters will show, 
errors of classification in these categories can affect very little the 
findings as a whole. The writers’ confidence in their interview data 
arises from their extended experience in observing children busy 
with tasks which they have not yet completely habituated. In per- 
forming such tasks children many times reveal their procedures in 
their overt activity; at other times they can make their implicit pro- 
cedures known by describing their thought processes in words. There 
is no way in which the writers can communicate their confidence to 
the reader, except possibly to urge him to check the data in the 
present studies by his own interviews, which should match those in 
the present studies in care, insight, and thoroughness. 

Another critical phase of the technique relates to the degree to which 
a continuous picture of development (or a picture of continuous de- 
velopment) can be achieved by the research methods employed here. 
Ideally, one should follow the same group of children from grade to 
grade for two and a half years and should take frequent “soundings” 
during this period. Instead, these investigations made use of a less 
ideal, though much commoner, method. In place of one group, three 
different groups of children were observed; and in place of frequent 
observations, but five were made, and these at intervals of several 
months. In justification one can but state that the ideal procedure 
was impracticable—indeed, is practicable only to the teacher who ac- 
companies his pupils through several grades—and that the procedure 
which was practicable held large promise of useful results. 


CHAPTER IV 


RESULTS OF THE LOCAL INVESTIGATIGN 


The test and interview results obtained in the two Burlington and 
the two Raleigh, North Carolina, schools will be discussed in this 
chapter. The corresponding results for the extended investigation 
will be treated in a similar manner in Chapter V. The reasons for 
separating the two studies have already been made clear. 

An average of nearly 140 children per grade participated in the 
local study. These pupils were drawn, in the case of Burlington, from 
one school above the city average in quality of achievement and from 
a second school below the city average by about the same amount. 
“Average” in both instances was determined by standings on the new 
Stanford Achievement Test, which had just been administered 
throughout the system. In Raleigh, on the other hand, the two co- 
operating schools were selected by the city elementary supervisor so 
as to secure a typical cross section of the city school population. 

The data in Table 3 show the degree to which the pupils in the 
local study may be regarded as representative of their respective 
grades. The measures of MA and IQ were obtained in Burlington 
by means of the California Mental Maturity Scale and in Raleigh by 
means of the Kuhlman-Anderson Tests. The measures of Arithmetic 
Age (AA) were secured in both cities by the new Stanford Achieve- 
ment Test, the scores on the computation and problem-solving sec- 
tions being combined according to directions. The testing for intelli- 
gence and arithmetic achievement was done in Grade IIIA in the 
early part of May and in Grades IVB and VB in the early part of 
December—in all instances, then, at about the same time as the testing 
and interviewing on the multiplication combinations. 

In IQ the children were very slightly above average, probably be- 
cause all repeaters were eliminated in this study. Arithmetic achieve- 
ment in all grades was at about the norm. The median AA in Grade 
IIIA (115 mos.) is equivalent to a grade standing of III:8; the 
median AA’s in Grades IVB and VB (119 mos. and 134 mos.) are 
equivalent to grade standings of IV:1 and V:3, respectively. 

Both school systems make use of the same state-adopted arith- 
metic textbook, and both follow the state course of study in arithme- 
tic. In Raleigh the third-grade pupils, at the time of the testing, had 
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TABLE 3 
DATA ON THE PupiLts TESTED AND INTERVIEWED IN THE LocaL STUDY 





Grade, and Measure Md 9, 9; Range 

Grade IIIA: 

CAN (mosh) ers evry Ge asec 110 106 117 99 - 153 

INDAY (mos!) hen A eyatetsteiel a tieroecara ne 114 105 119 79 - 134 

HAVANT (TOSS) yas tac cele cbs. orexcrcreeuko cas 115 103 122 As OLY) 

OPE a tats Sect cre 103 90 112 Gl 129 
Grade IVB: 

CAR (mos?) er eirascnseraavens 119 114 8 SOR Sy 

UAC Osi) Het sPiobe cine Wate 122 IS 131 90 - 162 

AVN (GSS) cpa Gb CORON OSC 119 113 125 96 - 140 

TOM Ee ee 103 94 115 71 - 135 
Grade VB 

CAM (mos!) ae te seam see hectic 129 124 134 Ltn 163 

INAS (im1OS:) pet aartersacharaadhtelay elke ens is 136 126 143 9362 

AGH (GOSS) ray ercpos athe iio Stross 134 127 S77 110 - 146 

10) cue ee cee a 105 96 113 65 - 129 


*The lowest scores made in the testing were below those for which AA’s are assigned in the new Stan- 
ford Achievement Test. 


just completed study of the multiplication tables for 5 and for 5’s and 
were supposed to have mastered a total of sixty-five combinations. 
In Burlington study of the combinations, so far as mastery is con- 
cerned, had advanced to the same point, though the pupils had had 
“some preliminary experiences” with the tables for 6 and for 6’s. In 
both systems the multiplication tables through those for 9 and for 9’s 
are taught in Grade IVB and had been completed before the Decem- 
ber testing. At the time of this study, drill (repetitive practice) of 
various kinds was the principal method for teaching the combinations. 
Only limited use was made of means for giving children an under- 
standing of the process of multiplication and a grasp of the relation- 
ships among the combinations. Because of these similarities—sim- 
ilarities of content, of its organization, and of methods of teaching— 
it was felt that data from the two systems could be combined as if 
from a single program of instruction. 

It is important both at this point and throughout the chapter to 
bear in mind that the data to be presented are the results of a single 
program of instruction. Obviously there are other programs, and 
these programs may differ materially in organization of the facts for 
learning, in methods of teaching, in the amount, kinds, and distribu- 
tion of practice for learning, and so on. Obviously also these differ- 
ing programs could easily produce results in accuracy, rate, and 
thought processes unlike those in this chapter. The reader will do 
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well to insert the phrase “for this program of instruction” wherever 
in the chapter this limiting phrase (or one like it), omitted for the 
sake of brevity, may seem to be essential. Certainly the writers have 
been continuously aware that their findings are not of universal 
validity. 

GROUP TEST DATA 


Accuracy Scores 


Table 4 contains the distribution of accuracy scores for all five 
half-grades, arranged in class intervals of two points. Thus, 13 of 
the 124 Grade IIIA subjects made scores of 80 or 81 (81 is the 
highest possible score), 3 made scores of 78 or 79, and so on. The 
range in scores for Grade IIIA is from 36 (see the footnote to the 
table) to 81, with the median (determined from the test papers) at 
64 and Q, at 55. In view of the fact that these children were sup- 
posed to “know” only sixty-five combinations, the median of 64 is 
not low, but high. More than 40 per cent of the pupils made scores 
above 65, and six had perfect scores. 

The distribution for Grade 1VB reveals the expected improve- 
ment from Grade IIIA. The range is somewhat reduced, Q, is 75, 
and the median has been raised to 80 (nearly 99 per cent of perfect). 
Of the 62 who made scores of 80 or 81, 36 (31.9 per cent of the 
whole group) made perfect scores. Except for the wide range in 
achievement, the Grade IVB children seem to have been well on the 
way to consistently correct answers for the combinations. 

The facts with regard to the accuracy scores for Grades IVA, VB, 
and VA are self-evident: in all three half-grades the median is 81, 
and Q, is 80. In other words, three fourths or more of the children 
in each of these three half-grades made scores of 80 or 81. The 
numbers actually making perfect scores were 64, 78, and 65 for 
Grades IVA, VB, and VA, respectively, and these numbers represent 
59 per cent, 61 per cent, and 56 per cent of the populations. By the 
end of Grade IVA the eighty-one combinations seem to have been 
mastered, as far as ability to give correct answers is concerned. But 
mastery must be defined to include, besides (a) accuracy of answers, 
(b) promptness of answers, and (c) maturity of thought processes 
as well. The second aspect of mastery is considered next. 


Rate Scores 


Table 5 is similar to Table 4 in construction. It shows the dis- 
tribution of rate scores in class intervals of a half minute. The data 
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TABLE 4 
LocaL Stupy: Accuracy SCORES ON THE Group TEST 





Frequencies, by Half-Grades 


Score iA * IVB IVA VB VA 
(N=124) (N=//7) (N=08) (N=1/27) (N=1/7) 

SOMO RA cess ss 13 62 92 101 96 

OMe ee eee 3 18 8 14 14 

LO eer ss 6 7 6 7 4 

PARA eee cress 3 4 1 1 1 

Ar Se Rete es 14 5 1 ae 1 

Omri teen: i ik ; 1 he; 

Goer peeriae fica ie 9 2 2 

BGs asic raterciesd ot 7 1 1 1 

OA eee. Seve 7 4 J Ss 

G22 esas kets, s 8 2 

GO Were tas iae eee ane 5 oy 

SS een recrec in 5 o 

SOnrr ony toute: 9 ste 

Satie tatoedes + 1 

Berea are sakes 5 2 

SOU ee sot 5 1 

LE BE eae rato 6 1 

47, and below... 8t a on 5 bs 

Actual Md..... 64 80 81 81 81 

Actual Q:...... 55 75 80 80 80 





*In Grade IIIA the pupils had studied only sixty-five of the eighty-one combinations, with the ex- 


pectation of mastery. 
tThe eight scores are distributed as follows: 46 (1); 44 (1); 42 (1); 40 (2); 38 (2); 36 (1). 


for Grade IIIA are read: 1 of the 124 Grade IIIA pupils finished 
the group tests in about two and a half minutes (interval, 2:30- 
2:59) ; none finished more quickly than this, and no others in fewer 
than three and a half minutes (4 finished in three and a half to four 
minutes), and so on. 

Two facts may be noted about the distribution for Grade IIIA: 
(1) the general slowness of the group and (2) the range in time 
scores. Nearly one fourth of the children required at least eight 
minutes and a half, and half required six minutes, twenty seconds. 
Only a quarter finished in fewer than five and a half minutes. Still, 
these children were struggling with sixteen combinations which they 
had not studied. Unfortunately the time spent on the studied com- 
binations cannot be separated from the time spent on the unfamiliar 
facts. 

The records for Grade IVB show a reduction in median time of 
almost two minutes; there is the same reduction in Q, and ever 
greater reduction in Q,. When the grade median of four minutes, 


60 Learning the Multiplication Combinations 


TABLE 5 
LocaL Stupy: Time Recorps ON THE Group TEST 





Frequencies, by Half-Grades 





Time IIIA IVB IVA VB VA 
(N=124) (N=//7) (N=/08) (N=127) (N=//7) 

DOO Mere raicvere sie a te ae 1 1 
BOR Serco sve 3 | Z 
2200S ya net tee Rs 3 22 7 25 
DSO is’ Aerie 1 10 31 33 43 
3:00 Set oe a 16 20 29 24 
3°30 Reson 4 12 11 32 13 
AOO)s intsherieterote 12 14 6 10 6 
ABO tcc ane 8 18 3 7 + 
5 OOF precise cies 8 14 7 2 ae 
StSOR eee eer 6 8 3 2 
6:00 actos 16 6 ae 2 
6:308 see ee 14 1 1 be 
TOO Aerts eer 6 8 1 1 1 
We SOee caters srciiers 15 1 i 
C2008 ake ieete 4 2 
S80) Sica cece io 1 

9:00 Re eects 4 re 

O30 Miiaceccl 4 1 

TO:00 ives ce ctocve 1 1 

10:30 984 er isicne 5 aE 

11:00, and over . 9* 1j 

Actual Md..... 6:20 4:40 2:45 3:25 2:50 

Actiali@ieerrar 8:25 5:30 3:50 3:50 3:25 

Actual!Q3.: 3... 5:20 3:30 2:30 2:45 2:30 


3 sO nine time records distribute as follows: 11:00 (1); 11:30 (3); 12:00 (2); 12:30 (1); 13:00 (1); 
“fActually, 12:20. 


forty seconds is compared with the medians for the subsequent 
grades, however, it is evident that much improvement is still to be 
made in promptness of answers. 


Rate of work seems to be about as good in Grade IVA as it will 
be in either of the two later half-grades: the median is within five 
seconds of the Grade VA median (and is forty seconds better than 
the Grade VB median), and the Grade IVA Q, and Q, compare 
favorably with the corresponding measures for Grade VA. It is not 
far from the truth to say, then, that after Grade IVA little improve- 
ment takes place either in rate or in accuracy of work. Mastery when 
measured by these two indices is practically attained by the end of 
Grade IVA. Data with respect to the third criterion or aspect of 
mastery, namely, thought processes, will be treated shortly. 
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Accuracy and Rate Considered Together 


One way to show the course of improvement in both rate and ac- 
curacy is by means of curves, as in Figure 1. To construct these 
curves the accuracy and rate records (medians and Q,’s) made in 
Grade VA were taken as bases, and percentage figures for the other 
half-grades were derived from these bases. For example, the ac- 
curacy median for Grade IIIA is 64; that for Grade VA is 81; and 
the ratio of the former to the latter is 79.0 per cent. The rate median 
for Grade IIIA is six minutes, twenty seconds, which becomes 44.7 
per cent when compared with the Grade VA median of two minutes, 
fifty seconds. (This is to say that the average Grade IIIA child 
worked 44.7 per cent as rapidly as did the average Grade VA child.) 
Percentage expressions for Q,’s were computed in a similar manner. 


The curves show again in more tangible manner the facts that 
have been drawn from the tables. In accuracy the children at the end 


Per cents of 
Grade VA 


100 


80 


60 


40 





20 


accuracy 
Time 
A 


Half-Grades IIIA IVB IV. VB VA 


Fic. 1. Local study: increase in accuracy and rate by half-grades ex- 
pressed in terms of the Grade VA medians and Qy’s. 
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of Grade IVA were about as far along as they would be a year later. 
This statement holds whether the comparisons are based upon me- 
dians or upon first quartiles. As a matter of fact, the median Grade 
IVB child was 99 per cent as accurate, and the Q, child in Grade 
IVB was about 93 per cent as accurate as they were likely to be a 
year and a half later in Grade VA. 

The curves for speed are different from those for accuracy. (1) 
Whereas the greatest gain in accuracy occurred in Grade IVB (with 
the completion of the tables), the greatest gain in speed came a half 
year later, during Grade IVA. And this is as it should be, for educa- 
tional theory has long held that accuracy should be sought before 
speed. (2) There was a distinct loss, rather than the expected gain, 
in rate of work in Grade VB. But this loss is not inexplicable. Dur- 
ing the month and more which preceded the December tests these 
children had had little systematic work in multiplication, most of their 
time being spent on addition and subtraction with fractions. Under 
these conditions accuracy on the multiplication combinations might 
(as it did) persist at a high level, while quickness in thinking products 
might temporarily suffer. 

INTERVIEW DATA 


Results by Half-Grades 

Grade IIIA.—Table 6 summarizes the interview data for Grade 
IIIA in connection with the nine facts which had been taught before 
the testing. This table is read: Of the 148 children interviewed, 54 
obtained answers for 5 X 7 by recalling meaningfully established as- 
sociations (H), 15 by making use of rote memory associations (M), 
10 by guessing (G), 19 by solving from better-known combinations 
(S), 11 by counting (C), 9 by first reversing to the more familiar 
form 7 X 5 (R), 5 by reciting all or part of the table for 5 (T), and 
25 made no attempt (N). The columns of data show the number of 
times different processes were used with each combination. The rows 
of data reveal the number of times a given kind of thought process 
was used with different combinations. Thus, there were 54 uses of_ 
H with 5 X 7, 40 uses with 8 x 3, 61 uses with 5 X 6, and so on, to 
yield a total of 514 times for the nine combinations. 

In all, 1,332 responses are classified in Table 6 (9 combinations, 
148 children!). Of this number, the largest single part are classified 


*Here and at other points the number of interview subjects exceeds the 
number of children whose group test data are reported. All (or practically 
all) children in each half-grade were interviewed in the local study, whereas 
sometimes test papers had to be discarded for reasons already mentioned. 


/ 


va 
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TABLE 6 


Locat Stupy, Grape IIIA: Processes Usep witH NINE SELECTED 
CoMBINATIONS* AS REVEALED IN INTERVIEWS (N = 148) 


7 3 6 6 3 9 4 5 3 
Process} 5 8 5 4 7 2 7 3 6 = Total 
Feels ee ee 40 61 55 42 86 40 92 44 514 
IMA Astacio 15 17 18 20 19 38 19 34 30 210 
a ees 10 9 ah 12 + 11 1 + 58 
Deen enn 19 14 14 32 13 26 4 9 131 
Cre Yeh chon 11 8 12 11 10 12 BE 7 il 80 
Re eit ost hacyeit 9 50 10 9 57 8 39 9 50 241 
Be Payor ses 5 2 2 4 1 2 1 1, 
Wee oner ce - a 1 1 1 3 
INF ce 25 7 23 4 2 A 6 s 1 68 
Re ee ceyite a A A: ie 1 46 Ay, mt: 1 
NPR teres ae 1 1 I 1 1 2 1 J 9 


*In this place processes used on the taught combinations only are reported. 
fIn this table and in all similar tables Mee processes are referred to by code letter only. The code 
letters, as explained on page 52, above stand for: 
~— Habituation, meaningful. 
— Memorization (little, or no meaning). 
— Guessing. 
— Solution (answer obtained through reference to better-known combination). 
— Counting. 
— Reversal (solution by reference to the paired combination). 
T — Tables. : 
— Visualization. 
— No attempt. 
I — Indeterminate. 
X - Miscellaneous (not susceptible to classification according to the categories above). 


Panos 


Z< 


as H (514, or nearly 39 per cent). Not only is H the commonest 
response for the nine facts combined, but it is also the most popular 
for each separate fact. Next in popularity are M and R. M outranks 
R five times; and R outranks M four times, whenever the larger fac- 
tor is the multiplier. Fourth in commonness is S (about 10 per cent 
of the total). Then come C, N, and G. None of the other processes 
total more than 1.3 per cent. 


The figures in the table contain several facts of significance, First, 


_a variety of mental processes were used with the nine taught combina- 


tions. Second, fewer than 40 per cent of the combinations were 
“known” as they are supposed to be learned under conditions of drill 
for mastery. Third, of the slightly more than 60 per cent dealt with 
in other ways than by H, one third were answered by undesirable pro- 
cedures (M and G), and a few more than half by, desirable but im- 
mature processes (C, T, S, and R). Fourth, the fact that 5 per cent 
were not attempted at all may be interpreted either as a healthy sign 
(children would not guess) or as an unfortunate condition (they had 
no way to find answers which they could not announce immediately). 
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Fifth, answers were seldom obtained by reciting the tables (T), the 
“table error’ which has been mentioned in the literature as a “bad 
habit” commonly acquired by children in learning the multiplication 
combinations. This process was employed not at all with two facts, 
once with two others, and as many as five times (out of a possible 
148 times) with only one fact, 5 x 7. Yet, the textbook studied by 
these children develops and teaches the combinations in tables. 

Grade IVB.—Table 7 for Grade IVB is similar in construction 
to Table 6 for Grade IITA, save that from this point on fifteen facts 
instead of nine were included in the interviews. 

In Grade IVB, as in Grade IIIA, the columns of figures show 
that with each combination a variety of processes was used. Further- 
more, the relative frequency of use of the commoner processes is 
about that of the earlier half-grade, with H first in popularity, M 
second, S third, and R fourth. The processes designated as V, I, and 
X occurred too infrequently to require comment. 

TABLE 7 


Loca, Stupy, Grape IVB: Processes UseD wiTH SELECTED COMBINATIONS AS 
REVEALED IN INTERVIEWS (N = 136) 


651 18 6 | SOT S| Saree ee 
os |519/8/5/7/417]8/6)2]2/3] 6] 8] & [rover 





Hi... .| 79! 56) |) 47 | 78!) 52 || 79) | 60°} (67°) 685) 93) "55" 91) 639) 26n eSve en 
Mi... | 20 | 18 |) U5 16) | 17) 155) 16324135) 18 |) oN 8 | 7 27a eo ee 
(Ges TV 10 6) 4 20 | 4) DD 4a) 2709) S5 |e 
Sisal WL) LO) 27 22) 4s) U8 S| |) 20 Gn ON a Ss SR sea eee 
Cinna 6 Anh A 23) Sl 7 AGS) SON 4s Gi | ae een te 84 
R $24) 41) Se) 9) Si S755 So) Aah 4 260s 25). 35 2a eS Omen 
eee DeSantis aL | ean | ee 3 53 
Vices Dy Dire eh ae ccall OU aeeINeaLg] Spee | erckenellexeeaa | aemels 1) 2 em ne 10 
INGE WT @sllese | Gage Il Sai) 3") 6 fulbiee || 77 ak 47 
Discorte Ms este Teveeoes [sy e1 ill ees Leet oP a 3 
Nee: | 2a | re | Ai 8 Sala er oelees 25 





H was used in nearly 49 per cent of the possible cases, as com- 
pared with about 39 per cent in Grade IIIA. This gain of ten per- 
centage points may not seem large in view of the length of time these 
children had been studying the combinations. Progress toward gen- 
eral use of H was of course somewhat impeded by the introduction 
of sixteen new and more “difficult” combinations (six of which ap- 
peared in the interview). With the new combinations H constituted 
43.1 per cent of the processes used ; with the older combinations, 52.2 
per cent. Not much gain therefore took place in use of H with the 
older combinations. Instead, for some reason there was a consider- 
able increase in use of R with the four older combinations in which 
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reversals could be of service, namely, 8 X 3,7 X 3,7 X 4, and 6 X 3. 
The chief source of improvement in Grade IVB as compared with 
Grade IIIA was a somewhat general desertion of the less desirable 
types of process. 

Grade IVA.—The most noteworthy features of the interview data 
for Grade IVA, summarized in Table 8, are (1) the large increase in 
use of H (from 49 per cent in Grade IVB to 75 per cent in Grade 
IVA); (2) the virtual disappearance of V, I, N, and X; (3) the 
great reduction in use of the undesirable processes M, G, and N 
(“undesirable” at any stage in learning) ; and (4) the persistence of 
the immature processes S, C, R, and T, which should be undesirable 
by the end of Grade IVA. The processes grouped together in (3) 
above constituted 16 per cent, and those grouped in (4) about 9 per 
cent of the total for the half-grade. 


TABLE 8 


Locat Stupy, Grap—E IVA: Processes USED WITH SELECTED COMBINATIONS AS 
REVEALED IN INTERVIEWS (N = 136) 











las) TN ON BP I SN ES NE Teles 

CR || 9S gi 8 Se eed eal elie 9 | 6 | Total 
H....| 97 | 92 {100 |106 | 90 |104 |107 | 96 91 109 {1,520 
Ieee tell lis elon MIG et TOR E28 18] 18] 294 
Gr aoa elles Silewla lee 1 Sie 32 
Saeee Ff || SIMs aN FA CY hI a) Ne 7 Oa 89 
Cx Wve 1 1 1 1 1 Dalle ae 1 1 13 
Ree Sih eat d/l fee) Ant 3 55 
Es: Dele Sealine |e 22 Srl 24 
VER cele Peers lane |. ee 1 alee ara 3 
INEE 2 Solheim 2 9 








*“7”” is omitted because there were no instances of this process, and “‘X” is omitted because there was 
but one instance, this in connection with 6 x 7. 


Grade VB.—The figures for Grade VA (Table 9) reveal for the 
most part only minor changes from the situation in Grade IVA. 
There was no increase in use of H, but there was a considerable drop 
in use of M, which was however balanced by an unexpected rise in 
the use of R. S continued to be used to about the same extent as in 
Grade VA, and there was a very small and probably unreliable in- 
crease in the practice of reciting tables. 

Grade VA.—The course of improvement, interrupted in Grade 
VB, was resumed in Grade VA (Table 10), where H alone accounted 
for 88 per cent of all processes used. Only one other process, M, 
appeared in more than 2.5 per cent of the occasions. Practically all 
of the undesirable and inefficient processes, M excluded, were about 
gone. And yet these Grade VA children had not yet achieved the 
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TABLE 9 


LocaL Srupy, GrapE VB: Processes Usep witH SELECTED COMBINATIONS AS 
REVEALED IN INTERVIEWS (N = 138) 









H....|113 | 96 | 89 |117 |107 |115 |L00 |113 |110 |120 | 93 |119 }110 {101 {102 }1, 
Re 8 By Ss Oo Ba 7 6) 77) 75) ee ee 


M.. 8 Tes 

Gries DL aN Ci RZ eee tere eee ele mee ba ye 
Sate By ON PE Os UE a Dat AO 2s | ae Ley 
Crea: Dy irerah | eeln | 1 Sac Derr On ee 
Re: SALE TSE Ane roe eS nD aS| al ees a aren eo | 
Ligetatene Gil Sil Sil Qa Sale lay aL ter Stns le Ale ata ae 
New MIN tees flees cat ee ea elie ae Uae 
eee Ve ee 1 Sisters Retake hs ae 


*No instances of ‘‘V’’; 2 instances of ‘‘X,”’ once each with 7 x 3 and with 7 x 4. 


highest levels in abstract thinking and in understanding of the inter- 
view combinations (and supposedly of the combinations in general). 
It is to be noted that 12 per cent of the combinations were still dealt 
with by processes short of H. 


TABLE 10 


LocaL Stupy, Grape VA: Processes UsED WITH SELECTED COMBINATIONS AS 
REVEALED IN INTERVIEWS (N = 138) 


.J122 114 |117 127 |116 124 |117 |116 }120 128 |122 127 |122 
9 Dwi & 7 | 10 LON 9 


D2 10 9 9 

1S Nie s swetes dha 1 Dalites 1 
EN EAN Se Sel Oe SCH ectcy || ee 
Dey BS SS ee I TL ean in| aaa Oui eae 
7), \) i elses |) core liars a | Dy ae 1 





*No instances of “V,” ‘‘N,’’ “I,” or “*X”’; 2 instances of ‘‘C,”” once each with 6 x 7 and 9 x 7. 


Progress in General from Grade to Grade 


It is rather difficult to secure from the detailed interview results 
for the successive half-grades a connected account or a satisfactory 
picture of the course of learning. For this reason Table 11 and 
Figure 2 have been prepared, the latter based upon the figures in 
the former. In both table and figure the separate combinations are 
disregarded, and the frequencies of each process are combined for 
all combinations and are then transmuted into per cents. 


The interview data both supplement and correct the conclusions 
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about learning which were obtained from the group test data. Where 
they supplement, they provide reasons for the facts as discovered. 
Where they correct, they make good the imperfections of the criteria 
of efficiency (rate and accuracy of performance). Let us begin with 
the “correction.” 

From Table 4 one gets the impression that learning of the com- 
binations was about completed in Grade IVB and was certainly 
completed in Grade IVA. Here the criterion was accuracy. From 
Table 5 one gets the impression that, according to the criterion of 
rate, learning was about complete in Grade IVA (except for a tem- 
porary retrogression in Grade VB). But Table 11 and Figure 2 
show unmistakably that learning was not ended at these earlier points 
—that, indeed, learning was not completed at the end of Grade VA, 
for possibly ten answers out of a hundred (twelve out of a hundred 
in the case of the interview combinations) were still obtained by 
processes short of the ultimately desired H. In a word, while in 
Grade VA answers were given promptly and with a high degree of 
accuracy, an appreciable number of children had yet to attain the 
final stages of abstract and mature thinking. 

The interview data “supplement” the rate and accuracy data by 
explaining what lay back of the latter. This fact is best demon- 
strated by considering the results half-grade by half-grade. 


TABLE 11 
Locat Stupy: Per Cents oF ANSWERS OBTAINED BY VARIOUS PROCEDURES 








Percentage Distribution, by Half-Grades 








Type of 
Process III A* IVB IVA VB VA 
(N=/48) (N=136) (N=136) (N=/38) (N=/38) 
Habituation, 

Meaningful... 38.6 48.6 74.5 77.5 S77 
Memory, Rote. . 15.8 1353 14.4 Sel 6.7 
Guessing....... 4.4 5.8 1.6 0.5 0.4 
Solution........ 9.9 11-2) 4.4 4.8 1.9 
Counting... ce 6.0 4.1 0.6 0.6 0.1 
Reversal....... 18.1 10.3 D7 8.5 ous 
Cables+. 2 a 123 2.6 12: 2m), 0.6 
Visualization.... 0.2 0.5 0.1 0.0 0.0 
No Attempt... . 5.1 2.3 0.4 0.6 0.0 
Indeterminate .. 0.1 0.1 0.0 0.2 0.0 
Miscellaneous. . . 0.7 ee, 0.0 0.1 0.0 
Olah one sk See 100.2 100.0 99.9 100.1 99.9 








*Processes classified relate only to the nine combinations (through 5’s and reverses) supposedly mas- 
tered at the time of the interviews. 
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The results of the interviews in Grade IIIA agree with the group 
test results in showing that the experimental subjects were still some 
distance from mastery of the combinations they had studied. But 
they do much more than merely to agree with the test results: they 
account for them. The Grade IIIA children were slow and inac- 
curate on the group tests because they had meaningful habituations 
for considerably fewer than half the (interview) combinations and 
because they had to employ with combinations which they had not 
habituated, processes far short of H in maturity and efficiency. These 
processes, notably guessing, were susceptible to error, and they were 
employed clumsily and none too successfully, with the consequence 
of increased time and mistakes. 


Per cents of 
Answers 


100 


80 


60 


emory 


S + Wolution 


40 


20 





Half-Grades IITA IVB IVA VB VA 
Fic. 2. Local study: changes in processes used from grade to grade, as 
revealed in interviews. 


The rate curves for Grade IVB (Fig. 1) show moderate increases, 
and the accuracy curves for the same half-grades considerable in- 
creases. Improvement is to be explained, less by the abandonment 
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of immature and inefficient processes than by greater control over 
the same processes which characterized the children in Grade IIIA. 
That is to say, the children in Grade IVB used the processes of 
Grade IIIA, but used them more effectively. Use of H gained only 
from 39 to 49 per cent. True, M decreased somewhat in popularity, 
but the relatively immature process of S became slightly commoner. 

In Grade IVA the gains in accuracy brought the experimental 
subjects practically to the point of proficiency evidenced in Grade 
VA. The amount of this gain in accuracy over the Grade IVB show- 
ing was not great, but the amount of gain in speed of response was 
very marked. Again, the interview data provide the reasons. Three 
fourths of the answers were now obtained by H; one fourth more 
than in Grade IVB. Only one answer in ten was secured by imma- 
ture (but desirable) processes, and only one in six (compared with 
one in five in Grade IVB) by undesirable processes. 

Accuracy showed no improvement or loss in Grade VB, but there 
was a loss in rate. The changes in process were insignificant, save 
for a drop in M (undesirable process) and slight rises in R and S 
(both desirable, but both immature). The maintenance of the Grade 
IVB standing in accuracy is consistent with the lack of progress 
toward maturer thought processes, but the cause of the loss in rate 
had to be sought elsewhere. It was found in the absence of multi- 
plication practice during the period preceding the group testing. 

The Grade VA children had practically ridded themselves of 
immature processes (5 per cent) and of undesirable processes (7 
per cent) on the interview combinations, and the effect of their 
relatively advanced thought processes is reflected in an average of 
- 99 per cent accuracy and an average rate of two minutes, fifty sec- 
onds on the group test. The fact that inferior processes were still 
used to some extent indicates that there was yet opportunity for 
progress. 


Progress toward Maturity of Process as Shown 
by Spaced Interviews 


The reader may already have suspected more significance in the 
interview data than has yet been given them in this discussion. For 
one thing, the interview data show that the children in the local study 
did not learn the combinations as they were supposed to learn them. 
They were taught the combinations by drill, but they did not learn 
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them by repetition—or at least by repeating what they were expected 

tad 
to repeat. Under conditions of drill, sight of “3 x 7” or X_3,” 
for instance,-is expected invariably and immediately to set off the 
response “twenty-one.” Drill is supposed to cause the immediate 
establishment of such direct associations between factors and prod- 
ucts. Yet, these children, taught by drill, did not immediately and 
invariably think the products and only the products. In place of 
using the expected associations, they tended to arrive at answers by a 
variety of processes. The expected process, H, or possibly M, was, 
it is true, common from Grade IIIA on, but it had not entirely sup- 
planted other processes even at the end of Grade VA. 


In a word, these children did not learn the facts all at once—at 
one jump, as it were. Instead, they seemed to learn by a series of 
jumps. This series carried them from undesirable, or inefficient, or 
immature processes through other processes intermediate in desir- 
ability, efficiency, and maturity, to the final stage of meaningful 
habituation. This is the picture of learning revealed by foregoing 
analyses of the interview data, and it is the picture revealed again 
when the processes employed by the same children at different points 
in learning are examined.” 


For this more intimate study the records of seventeen Grade IV 
children will be examined, and their processes in the December inter- 
view will be compared with their processes in the May interview. 
(As a matter of fact, children could have been selected equally well 
from Grade III, had two interviews been arranged, or from Grade 
V. In the latter case, however, progress toward maturity of thought 
process would not have been so easily demonstrated. ) 


The seventeen selected subjects were less bright and less success- 
ful in arithmetic than the average for their grade. In the fall testing 
on the multiplication combinations their median accuracy score was 
seventeen points below the class median of 80, and their median 
time record exceeded the class median by a half minute. The median 
of this group was seven months above the grade median in CA, and 
nine and six months, respectively, below the class medians in MA 
and AA. Since these children had plenty of opportunity for im- 
provement, they seemed especially useful for the present purpose. 

Table 12 contains the interview records for both fall and spring. 


*It cannot of course be claimed that this coure of learning obtains regard- 
less of differences in programs of instruction. 
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TABLE 12 


Processes Usep sy SEVENTEEN GRADE IVB Pupils oN THE INTERVIEW ComM- 
BINATIONS WHEN PRESENTED TWICE, IN FALL AND SPRING 





Subjects, with Processes Used in Fall and Spring 
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ist ance Gaion cae eee 
In the first column are listed the fifteen interview combinations. At 
the head of each of the other columns are letters to identify the 
subjects. Code letters are used in the body of the table to indicate 
the processes with each combination, the upper letter in each pair 
referring to the fall interview and the lower, to the spring interview. 
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TABLE 13 


COMPARISON OF Processes Usrp, FALL AND SPRING, WITH SAME SEVENTEEN 
COMBINATIONS, OBTAINED BY INTERVIEWS 





: Spring Processes, Same Combinations; Frequency 
Fall-Processes,  =—<$<— 











with Frequency H S R TT Gc M G 
H (18) ies: en ancien 16 1 * 1 
S (AOS eer 34 7 » 5 3 
R (LO) arene 3 | 3 3 
0 (21) er 2 eaten 10 1 4 | 4 1 
GC (43) Ree erat tes 33 4 iy 3 ] 1 1 
M (SB) ec Aine ene, 22 | a 35 
G (25) Es Nae 8 2 a 11 
N (US) ike acre 7 7 1 2 1 
\ (CSD Rk arttercrente 3 - er ai 
X (LO) SArehtare l 2 1 4 2 
Total (25S) merercntee 137 26 13 9 3 63 4 


The data in this table are then reclassified in Table 13 in order to 
permit readier comparison. 

The first two columns of Table 13 show the immaturity and 
inefficiency of the thought processes employed in the fall. Only 
18 times did this group of children use H to obtain answers, and 
these 18 times represent but 7 per cent of all processes. The most 
popular method was M. S and C were next most common, after 
which, at a considerable difference, came G, T, and R. Undesirable 
processes (M, G, and N) accounted for 40 per cent of the responses 
to the combinations, and immature processes (S, R, T, and C) for 
48 per cent. 

The processes are arranged in the table in a way which facilitates 
the study of progress toward maturity of method. At the top and 
left is H. S, R, and T, all of them desirable (in early stages of 
learning) from the standpoint of meaning, though less mature than 
H, come next from the top and from the left. They are followed by 
C, less desirable, less economical, and certainly less mature. Then 
come M, undesirable as well as immature, and G and N, with the 
same characteristics, plus the fact that they do not yield accurate 
answers. V, used only three times, and X (unclassified) are placed 
at the bottom, V being immature though possibly not undesirable. 

In the spring interviews N, V, and X had disappeared, thus be- 
tokening progress. There was a very great increase in H, from 18 
to 137 uses, with a falling off in the case of S, T, and C, the last- 
named especially. An exception to the general advance toward 
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mature methods occurs in the case of M, where there was a small 
increase. The reason for this increase (if, indeed, it is an increase 
and is not the result of errors in classification) is not at all certain. 
Thirty-five of the combinations with which M was used in the fall 
were dealt with in the same way in the spring, but the other twenty- 
eight uses of M were produced by changes from all other processes 
except V. Especially common were the changes from G to M. It 
is debatable whether, from the standpoint of meaning, M is much 
preferable to G; but from the standpoint of the child who has no 
rational procedure but who must have some method of getting 
answers, M is certainly preferable to G. 

One’ of the interesting facts to be observed in Table 13 is the 
nature of the changes which occurred during the half-year between 
the interviews. H, for example, was the most stable process; little 
change occurred. Of course, little change would have been ex- 
pected, since H represents the last step in meaningful development. 
Changes would have had to be in a backward direction, toward less 
mature processes. Two such changes are to be noted in the table, 
one to M and the other to R, which however is but slightly lower 
in the maturity scale than is H. 

In contrast to H, S was not stable; only 7 of the original 49 
uses remained unchanged. What happened to the other forty-two 
uses of S? It is sometimes held that children ought not to be 
allowed to “‘solve” combinations, for fear that the methods of solution 
will be automatized in place of meaningful and direct associations 
(H). The data in Table 13 do not bear out this prediction and 
warning. Thirty-four uses of S changed in the half year to H; for 
.5, T was substituted, and T may or may not have been less mature 
than the form of S for which it was substituted. Only 3 uses of S 
changed to M. This is not a bad record for S at all. On the con- 
trary, S seems to be a sound basis from which to move to more 
mature methods. As one means of noting the serviceability of S as 
a temporary step toward mastery, the records of CD and of DH in 
Table 12 are recommended for study. 

R, considerably less common than was S in the fall, likewise has 
a fairly good record. Of the seven changes from R during the time 
between interviews, four were in the direction of greater maturity 
(H and S). 

The use of tables, T, like the use of S, has been decried by cer- 
tain writers in the field of arithmetic. These writers have been so 
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fearful of the consequences of T that they have even recommended 
that the practice of teaching the multiplication tables be abandoned 
in favor of teaching the facts in random order. But, according to 
Table 13, T does not seem to be undesirable. After a half year’s 
time only one of the 21 combinations answered by T in the fall con- 
tinued to be so answered, while fifteen came to be treated by more 
mature processes. In this connection the record of Subject AH, 
Table 12, is instructive. 

Counting in Grade IVB does not seem to have prevented growth 
toward mature processes—again failing to support the predictions of 
some experts in arithmetic who would deny children this method 
from the outset. Admittedly, in Grade IVB C is somewhat imma- 
ture, no matter how desirable at an earlier stage. Within the half 
year 33 of the 43 C-responses changed to H-responses. For what 
happened to particular individuals who were especially given to C 
in the fall, the reader may consult the records of Subjects HK, SS, 
and RF in Table 12. 

The data for M, which was relatively stable, have already been 
commented upon. In the earlier place it was suggested that, if 
correct answers are memorized, the immediate outcome for the puz- 
zled child is not unhappy. 

The worthlessness of G as a foundation for learning the com- 
binations is well disclosed in Table 13. Of the 25 combinations 
whose answers were guessed in the fall, only 8 in the spring had 
been mastered in the sense of H, and only six more were dealt with 
by the better methods of S and R. Eleven of the combinations had 
been memorized, probably as the easiest way out. 

To conclude, the foregoing analysis of seventeen pairs of inter- 
view records results in an account of learning which is considerably 
at variance with some current conceptions of learning. The nature 
of this conception has already been briefly noted in the opening para- 
graphs of this section, to which the reader is referred; and it will be 
elaborated in the last chapter of this monograph. 


Variations in Progress 


There is no little danger that the account of learning set forth 
in the two foregoing sections may seem to have been oversimplified. 
To some, this account may have implied that all members of any 
school grade are at the same stage in thought process, that they 
employ this favored process regardless of combination, and that they 
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move forward all together and at the same time to the next higher 
stage in thought process. If any such impression was suggested, it 
was done so unintentionally (perhaps through the use of averages), 
and it is certainly in direct violation to the basic data themselves. In, 
these data, the unique feature is not uniformity, but variation. Any- 
thing else than variation would be extraordinary, in view of all that 
is known about the facts of individual differences. 

Nevertheless, in spite of these reassuring statements—or, as a 
means af validating them—it may be wise to illustrate the existence 
and the extent of variation in the local study. If this is done, it will 
be impossible to take a naive view of the course of learning and to 
disregard factors which limit the applicability of the present account 
to individual classes, combinations, or children. 

Variations within the same class—There was a great deal of 
variation in each half-grade, in the extent to which a given process 
was used with different combinations. It is true that in Table 11 and 
in Figure 2 it was shown that H was responsible for 39 per cent of 
all answers in Grade IIIA; but 39 per cent is an average. Actually, 
Hiwas employed to varying degrees with different combinations. 
That this variation was the general rule and that it held not merely 
for H but for all processes, and not merely for Grade IIIA but for 
all half-grades, is clearly indicated in Table 14. The reader can see 
for himself how frequencies of use for the commoner processes dif- 
fered among the eight selected combinations. For example, in Grade 
IVB H occurred 58 times with 5 X 7 and only 35 times with 8 x 3; 
M occurred between 10 and 15 times, and so on. 

Figure 3 shows even more strikingly the range in use of the 
~ commoner processes in each half-grade. In this figure, which is 
based upon Tables 6 to 10, the heavier parts of the horizontal lines 
indicate the ranges in per cents of use in each half-grade. For ex- 
ample, use of H ranged from 27 per cent to 58 per cent in Grade 
IIIA, from 34 to 69 per cent in Grade IVB, and so on. It is evident 
in Figure 3 and from Table 14 that extent of use of each process was 
quite variable. The statement that such-and-such a per cent of a 
given half-grade’s answers were obtained by this or that process 
should not therefore mislead the reader into the impression of greater 
uniformity than actually obtained. 

Variation for “easy” and for “difficult” combinations—lIn this 
section the difficulty of combinations was determined, not from the 
group test data, but from the relative prevalence of H as a method 


76 Learning the Multiplication Combinations 


TABLE 14 


VARIATIONS IN Per CENTS oF ANSWERS OBTAINED BY SAME PROCESSES WITH 
EicHr CoMBINATIONS, Grapes IIJA to VA 


Gradht. wish Particular Combinations (Each Second One in Test) 


Principal 7 3 8 3 i + 8 3 
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Merce 10 12 13 so 13 es 20 
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Epi 71 78 67 79 71 80 aD 80 
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GradeniGs aa. - 0 1 1 0 1 0 0 0 
VB See 3 3 8 1 7 9 9 5 
Cait 1 1 0 0 0 0 1 0 

Ree 3 22 4 20 3 15 1 14 
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Grade M..... 8 7 7 2 5 5 7 Wl 
VA Sieaee 1 1 5 D 4 0 3 0 
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poe combinations taught in Grade IIIA are included. 

tIn Grade IIIA the average number of R’s for combinations in which the smaller factor was the multi- 
plier was 9; for combinations in which the multiplier was the larger factor, it was 49. The correspondin 
aa in Grade IVB were 4 and 28; for Grade IVA, 3 and 4; for Grade VB, 6 and 24; for Grade VA, 
and 7, 

*“G” and “C” are eliminated in Grade VA because of infrequent occurrence. 


for securing answers in Grade IIIA (later, Grade IVB). In Grade 
IIIA, H occurred most commonly with 3 xX 5 (92 times) and with 
2 xX 9 (86 times); these two were selected as the “easiest’’ com- 
binations. The “most difficult” combinations were 8 X 3 and 7 X 4, 
with which H occurred only 40 times each. In Table 15 the figures 

® According to the Norem-Knight rankings 2 X 9 is 47th in difficulty, and 
3 X 5, 49th. The corresponding ranks for these two combinations according 


to Clapp are 13th and 33d. Norem and Knight rank 8 X 3 as 71st in difficulty 
and 7 X 4 as 76th. Clapp’s rankings are 35th and 69th, respectively. 
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* Only the nine combinations taught in Grade IIIA are included for this grade. Cal- 
culations for other grades include all fifteen combinations in the interview test. 


Fic. 3. Range in use made of the four principal processes within the same 
grades. 
are expressed in terms of percentage, in order to permit comparisons 
of half-grade with half-grade. (The totals of the columns range 
from 98 per cent to 101 per cent because of the rounding of decimals. ) 
Even a casual glance at the figures in Table 15 reveals that the 
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TABLE 15 
CoMPARISON OF Processes Usep THroucHout Five HAtr-GrapEes IN Two or 
THE “Easiest” AND Two oF THE “Most DirricuLtT’ CoMBINATIONS 
TAUGHT IN Grape IIIA 
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easy combinations were dealt with somewhat differently from the 
difficult combinations. Besides the relative difference in prevalence 
of H (the basis upon which the combinations were selected), there 
are noteworthy differences in the commonness with which M, G, S, 
and R occurred. Evidently the degree to which a given process was 
employed was not fixed and alike for all combinations, but, instead, 
varied considerably in response to factors which have not been 
isolated in this study. 


TABLE 16 


COMPARISON OF Processes, GRADES IVB To VA, IN Two “Easy” Anp Two 
“Very DIFFICULT’ COMBINATIONS, THE LATTER TAUGHT IN GrapE IVB 


“Easy” Combinations “Difficult” Combinations 
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Table 16 is similar to Table 15, the difference being that two 
“easy” and two “difficult” combinations taught in Grade IVB were 
selected for comparison, and Grade IIIA is necessarily omitted. No 
comment on Table 16 is called for: the same variability of process 
with combination noted in the case of the Grade IIIA combinations 
is to be observed for these other four combinations. 

Variations within the same child—After the evidence of variation 
which has been presented in the preceding two sections it will come 
as no surprise that individual children tend to be variable in the 
processes they use. The data already presented in Table 12 (p. 71) 
are enough to make this point. There it may be observed that of 
the seventeen selected subjects only two, MS and MM, employed the 
same process (in their case, M) with all fifteen combinations in the 
fall interview. One other subject, HK, used M with fourteen facts 
and H with one. The rest of the fourteen subjects used three or 
more processes, four using three, four using four, five using five, 
and one (Subject AM) using six. The median number of different 
processes was four. 

Facts like the foregoing show why it is impossible to describe any 
child as being at a given point of maturity with respect to his thought 
processes for all combinations. There are, of course, exceptions to 
this rule—children who have arrived at the last stage of development 
will naturally use H with all combinations. Other children, like HK 
or MM, settle upon some process short of H, such as S or M, and 
remain at that point so long as the process serves their ends. But in 
general children may employ relatively advanced processes with cer- 
_tain combinations and relatively immature processes with others. 
Consider, for example, the case of GJ, whose processes ranged all 
the way from the most mature (H, with 3 x 5) through M (ten com- 
binations) and R (6 X 8) and S (9 X 7) to the very immature and 
undesirable G (7 X 8,8 X 9). Clearly Subject GJ, like most of the 
subjects in Table 12, was at the same time at quite unlike points in 
the scale of maturity with respect to different combinations. The 
maturity level of the process used with a combination seems to be 
suited to certain aspects of the relationships represented in that 
combination. What these “aspects” are is unknown. Indeed, it is 
highly probable that they vary from combination to combination with 
the same child, and from child to child with the same combination. 
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The Course of Learning with “Easy” and “Difficult” Combinations 


The fact of variation so amply demonstrated in the three sections 
immediately above in no way discredits the general account of learn- 
ing represented in this chapter. That account is no less valid because 
each child pursues his own course in learning the combinations. One 
child’s progress is, in its principal characteristics, like another’s, but 
his rate of progress toward maturity may differ, as may also the de- 
tails of his processes at any point in maturity. Recognition of varia- 
tion then merely serves to forestall an oversimplified conception of 
what happens when a child learns the multiplication combinations— 
or learns any one combination, for that matter. 


The same data which reveal variation may equally well be used to 
show the picture of learning as progress through a series of processes 
to eventual maturity and efficiency. Let the reader consider, for ex- 
ample, the data for the pairs of “easy” and “difficult” facts in Tables 
15 and 16, data which have already been presented to show the fact 
of variation in process with combinations of different degrees of ease 
for learning. 

Figure 4 is based upon Table 15. The first bar shows in per- 
centage the relative use of the six major processes in learning the two 
“easy” combinations in Grade IIIA; the second, the corresponding 
data for the two “difficult” combinations. The next pair of bars is 
for Grade IVB, the next for Grade IVA, and so on. 


In Grade IIIA the space occupied by H in the bar for the easy 
combinations is almost twice that for H in the bar for the difficult 
combinations. In Grade IVB the difference in use of H for easy and 
for difficult combinations still persisted and was large in amount. In 
Grade IVA the margin of difference was greatly reduced, and by the 
end of Grade VA it was practically negligible. In other words, at this 
time H was used as commonly with difficult combinations as with easy 
combinations ; it merely took the children longer to master the difficult 
combinations. The facts with regard to reduction in use of less 
mature and less efficient methods tell the same story: with the difficult 
combinations the rate of progress is merely slower; but progress is 
intrinsically of the same kind. 

Figure 5 is based upon Table 16 and was constructed in the same 
way as was Figure 4. Different pairs of easy and difficult combina- 
tions are represented, but the picture of learning is identical with that 
shown in Figure 4. Difficult combinations were learned in the same 


Results of the Local Investigation 81 


way as were easy combinations; the transition to desirable, efficient, 
and mature thought processes was merely slower. 
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Fic. 4. Percentage composition of answers by processes for “easy” and 
“difficult” combinations, by half-grades, IIIA to VA. 
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Fic. 5. Percentage composition of answers by processes for “easy” and 
“difficult” combinations by half-grades, IVB to VA. 


CHAPTER SUMMARY 
The purpose of this study was to discover how a particular group 
of children, taught largely by methods of drill, learned the multiplica- 
tion combinations. Data from individual tests were combined with 
data from group tests to achieve this purpose. First, the course of 
learning was plotted in terms of accuracy and rate of response. Ac- 
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cording to these measures of mastery, learning seemed to be complete 
by the end of Grade IVA—by the end of Grade IVB when the cri- 
terion was accuracy alone. Then the interview data were brought to 
bear upon the problem. They showed, first of all, that mastery was 
not attained in Grade IVA. Instead, children were found to be still 
using thought processes short of meaningful habituation and using 
them too often to warrant the conclusion that learning had been com- 
pleted even at the end of Grade VA. The interview data were then 
found helpful in another way. They showed why changes in rate and 
in accuracy took place from half-grade to half-grade, or failed to take 
place in larger amounts. 

The conception of learning which emerged from the above anal- 
yses is quite unlike the conception which is implicit in many educa- 
tional programs based upon drill and which is explicit in certain 
psychological formulations. Children do not, as has been frequently 
suggested, either “know” or “not know” the combinations. Rather, 
they “know” them in different ways and to differing degrees, and 
these ways and degrees are identifiable in the processes which they 
use in thinking. The pages of this chapter are replete with examples 
of various kinds of processes. 

It is dangerous at this point to generalize too freely from the 
interview data obtained in the local study alone; but at least an 
hypothesis with regard to learning may be suggested, especially since 
the next chapter will-provide data by means of which to check this 
hypothesis. It is only when learning is viewed in terms of accuracy 
or in terms of promptness of answer that the illusion of quick, sudden 
learning arises. Actually children do not rapidly come to mature and 
efficient thought processes and hence to true mastery of the combina- 
‘tions. Instead, they move through a series of stages in thinking on 
the way to these final processes. In this connection pronounced indi- 
vidual differences were found in the local study, but they were differ- 
ences in rate of progress. Some children seemed to move consider- 
ably faster than others and probably skipped a stage or telescoped two 
stages. Others moved slowly and probably stopped overlong at some 
intermediate stage. But such individual differences serve only to 
prevent an oversimplification of the picture of development; the pic- 
ture itself is unchanged. It takes children a relatively long time to 
traverse the series of thought stages; but traverse them they must, 
if they are eventually to have useful and intelligent control over the 
combinations. 


CHAPTER V 


RESULTS OF THE EXTENDED STUD®@ 


In the extended investigation, results of which are very briefly 
reported in this chapter, experimental subjects were drawn from an 
average of about twenty-five classes per half-grade, located in eight- 
een school systems and in eight states. The method of administering 
group tests and interviews was exactly like that in the local study ex- 
cept that teachers and administrative officers in the co-operating 
schools were responsible for these tasks. 

The group test data will first be considered. Usable papers were 
obtained from slightly more than 600 pupils per half-grade on the 
average. Interview data were obtained from about 400 pupils per 
grade. In connection with these interviews it is probable that the 
attempt to distinguish carefully between the processes of H and M 
was less rigorous than in the local study. 


GROUP TEST DATA 


Accuracy Scores 


The accuracy scores on the group test are assembled, half-grade 
by half-grade, in Table 17. At this point the distributions of scores in 
the two studies are compared only in a general way. 

The accuracy scores in Grade IIIA were somewhat better in the 
extended study than in the local study. The medians compare 68 to 
64, and the Q,’s, 61 to 55. In all probability the reason for this superi- 
ority lies in the fact that the pupils in the larger investigation had 
been taught more of the combinations before the test was given. 
More than a third of them had studied all eighty-one combinations, 
and about another third had studied the tables involving 8, 7, and 6— 
tables which had been withheld in the Burlington and Raleigh schools. 

In Grade IVB the median in the extended study is 78, and Q, is 
66. The corresponding measures in the local study, 80 and 75, are 
considerably better. But from Grade IVA onward, there is not much 
to choose between the two groups of subjects. In each half-grade in 
both studies the median is 81, though the per cents making this score 
average about eight points lower in the extended than in the local 
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TABLE 17 
EXTENDED Stupy: AccuRAcy Scores IN Group TEST 





Frequencies, by Half-Grades 


Score IIIA IVB IVA VB VA 
(N=557) (N=613) (N=523) (N=697)  (N=636) 

SOPAI Rs 3 Stites 100 242 370 441 445 
SRT ee acti 42 86 77 119 107 
Thiotna see uSae 33 40 34 46 31 
TA a ime 30 28 8 D7 17 
Dit On Set Bh 24 21 9 13 9 
Wags aboco aman 23 23 8 9 9 
GSerrri certs 43 20 2 11 4 
GGmer rae 45 18 1 10 3 
GA ee tees a 20 2 3 5 
C2 ernie. 25 17 3 7 2 
COM ae es 30 18 2 4 1 
Sree wees 19 15 2 2 1 
SGM ene a 21 14 3 1 1 
SA ey ccre  oen 9 10 2 1 a 
SDA heen ee Pes 13 8 an 2 
Se eet. 8 6 a 

A One eR eee, 11 11 ric Be se 
47, and below. . 26* 16+ é 1% 1§ 
Actual Md..... 68 78 81 81 81 
Actiall@etreas 61 66 79 79 79 





*46 (7); 44 (5); 42 (1); 40 (4); a a below 38 (5). 
ie £4 44 (4); 42 (3); 40 (5); 3 


§46 (1). 


study. The Q,’s in these three half-grades were also one point lower 
in the extended study. 

In view of the greater number of subjects represented and the 
greater variety of instructional programs followed in the schools of 
the extended study, it is probable that the medians and Q,’s in this 
larger study are more truly typical of the country as a whole than are 
the corresponding measures in the local study. Nevertheless, the 
discrepancies in the two studies are less striking than are the amounts 
of agreement. 

Rate Scores 


Table 18, for rate scores in the larger study, corresponds to Table 
5 for the local study. According to the half-grade medians the sub- 
jects in the extended investigation worked slightly more rapidly in 
Grade IIIA (medians compare, 355 seconds to 380), at about the 
same rate in Grade IVB (285 seconds to 280 seconds), slightly 
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TABLE 18 
EXTENDED Stupy: Time Recorps 1n Group TEst 








Frequency Distribution, by Half-Grades 





Time IIIA IVB IVA VB VA 
(N=557) (N=6/3) (N=523) (N=697) (N=636) 
OOF et kobe Ly ie 6 1 4 
MSO leer eiiaies 1 4 17 6 as 
DOOR A Se eee 15 21 76 63 150 
2:30 hy ated c brats 14 53 98 115 159 
S00. hoa eem: 45 70 91 157 127 
OES OMA ieee oe 36 63 82 107 67 
BOO crater 48 68 51 Wes 50 
A BOR. Verte tee 48 67 40 47 13 
5 :00e So een 34 58 29 42 16 
SESQE meade’ 37 55 12 24 13 
(CHOU ies oo bce 29 i 2 26 4 
6:30 Fava nane: 37 26 3 12 4 
TOO CSRs tel 22 22 3 8 A 
WoO man cracee 31 17 3 4 1 
S:00 Fhe aan 25 17 1 3 Hs 
BOM aieeraateeee 20 11 3 5 * 
9 00RE aonceren 16 11 4 2 da 
O30 Frvctoennteic 13 2, 1 ae as 
1OSOO Meee 17 4 1 1 
LO:SO se ohictee 10 3 oF at 
11:00, and over.. Som 4t ‘ aN 
Actual Md..... 5:55 4:45 3:20 3:20 2:40 


Actull@:...... 825 5:55 400 | 4:25) 0. 
Actnali@eereece 4:20 3:35) 2:40 2:50 2:25 

*11:00 (14); 11:30 (8); 12:00 (14); 12:30 (5); 13:00 (8); 15:30 and over (10). 

{11:00 (1); 11:30 (2); 12:30 (1) 
slower in Grade IVA (200 seconds to 175 seconds), and again at 
about the same rate in Grade VB (200 seconds to 205 seconds) and 
in Grade VA (160 seconds to 170 seconds). The Q,’s in the two 
distributions are within ten seconds of each other, except in Grade 
IIIA, but there is somewhat less agreement in the case of Q,’s, the 
discrepancy being generally about twenty seconds and regularly in 
favor of the local study. Where the differences in measures in the 
two studies differ at all significantly, those for the larger study should 
probably be accepted as of more general validity. 


Accuracy and Rate Considered Together 


Figure 6 enables the reader to see where the gains in rate and 
accuracy were made in the span of the five half-grades. As before 
for the local study, the measures for Grade VA are taken as the 
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standards, and the records in each half-grade are expressed as per 
cents of these standards. 


Per cents of 
Grade VA 


100 


80 


60 


40 


20 





Half-Grades IIIA IVB IVA VB VA 


Fic. 6. Extended study: increase in accuracy and rate by half-grades ex- 
pressed in terms of Grade VA medians and Qy,’s. 


As was noted in the corresponding curves for the local study, the 
greatest gain in accuracy took place in Grade IVB, and the accuracy 
standard of Grade VA was attained in Grade IVA. The pitch of the 
curve (median) is less steep between Grade IIIA and Grade IVB in 
the larger study. The probable reason has already been mentioned, 
namely, the exposure of the subjects in this study to a greater number 
of the multiplication facts in Grade IIIA. 

The rate curves for the two studies are remarkably similar in 
slope. In both instances the greatest gains appear in Grade IVA, 
with little progress in Grade VB. The lag in rate as compared with 
accuracy is generally regarded as a desirable condition. 
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INTERVIEW DATA 


The tables which report results of interviews in Grades IIIA to 
VA (Tables 19-23) will be found in the Appendix, pages 160-161. 
In point of construction these tables correspond in every detail with 
the tables for the local study, except for Grade IIIA. In the case of 
this grade in the local study processes were summarized only for the 
nine interview combinations which had been taught. In the extended 
study, on the other hand, the various classes had carried their study 
of the combinations to differing points—140 third-grade pupils 
having completed all tables, fifteen more all combinations in the 
tables through those for 8 and for 8’s, sixty-four more through the 
tables for 7 and for 7’s, and so on. Since each third-grade teacher 
reported the number of facts taught, it was possible to select from the 
fifteen interview combinations the ones which had been presented to 
each group and to tabulate the processes employed therewith. As a 
consequence, the total number of processes classified varies from 155 
(for 8 X 9) to 474 (for seven combinations). These variations in- 
troduce no difficulty in interpretation. The relative frequency with 
which the different processes were used for a given combination can 
always be ascertained by reference to the total number of attempts 
with the combination, and the totals needed for these comparisons ap- 
pear in the last row of Table 19. The per cents of use so obtained 
are then directly comparable, combination with combination. 

The main facts with regard to processes used in the interviews 
closely parallel the corresponding facts obtained in the local study. 
These facts may be summarized in a series of short paragraphs. For 
support for each summary statement the reader is referred to the 
basic tables in the Appendix. 

1. A great variety of processes were used with the combinations 
in each half-grade. Not even in Grade VA were all answers obtained 
by H; instead, immature, inefficient, and undesirable procedures were 
still in use in this grade. Actually the Grade VA children employed 
H to get only two thirds of their answers. One third of their answers 
were secured by processes short of H. 


2. The extent to which given processes were employed varied 
largely from combination to combination. For purposes of illustration 
two processes may be selected, namely, H, the best, most mature, and 
the most efficient process on the one hand, and G, the poorest, least 
mature, and least efficient on the other hand. The following figures 
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are expressed in terms of the per cent of all processes represented by 
the two selected processes : 


Range in Use of H, Range in Use of G, 
in Per Cent in Per Cent 
GradenblTA® ci. csscc 38 (8 X 9) to 67 (2X 9) 08 (2 X 9) to 21 (9 X 6) 
GradevhViBiecnescc 36 (7 X 2 to73 (2X 9) 0.6 (2 X 9) to 21 (7 X 8) 
(9 X 7) 
GradeyDWVA. jac cts -ocict 54 (9 X 6) to 79 (3 X 5) 0.9 (3 X 5) to 7 (7 X 8) 
GradesViBiccieas «ccs 48 (9 X 7) to 74 (3 X 5)~—O0.7 (2 X e to 8 (7 X 8) 
(3 X 5) ) 
GradewViAwt. cic 55 (9 X 7) to 79 (3 X 5) 0.0 (2 X 9) to 5 (7 X 8) 
(3 X 5) 


3. The occurrence of the four categories, V, N, I, and X (miscel- 
laneous), was negligible. As for I and X, the frequency never was 
as large as 1 per cent for a combination and the inference is that 
interviewers were able to identify and classify practically all chil- 
dren’s reports of their processes. The slight use of V (visualization), 
never as large as 1 per cent for a combination, is somewhat surprising 
in view of the opinion sometimes expressed that children rely upon 
visualization for their arithmetical thinking. As for N (no attempt), 
the statement previously made may be repeated: failure to try to 
answer may be either desirable as signifying a refusal to guess, or un- 
desirable as indicating the possession of no means for obtaining 
answers. In either case, N ceased to be of much importance after 
Grade IVB. 

4. T reached its greatest usefulness in Grade IVA, where it was 
responsible for 5 per cent of the answers. In no other half-grade did 
children recite tables to secure more than 2.2 per cent of answers. 
While these per cents may seem too large to warrant the statement 
that T is relatively insignificant among the habits used with multipli- 
cation facts, still they are so small as to suggest that the importance 
of this habit has been: greatly exaggerated by those who oppose its 
use. The results in the extended study thus corroborate the findings 
in the local study, except that T played an even less prominent role 
in the latter investigation. 

5. H was the most popular process from the start in Grade IIIA. 
At that time 45 per cent of the interview combinations were dealt 
with by this process, and this per cent became 50, 64, 59, and 66 in 
the succeeding half-grades. It may be assumed that for the eighty- 
one facts as a whole the per cents for H would be unquestionably 
higher, since the interview combinations are among the more difficult 
half of the facts. 
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6. Corresponding with an increase in use of H was a decrease in 
use of undesirable processes M and G. Guessing dropped from 8.2 
per cent to 2.1 per cent, but was found still in occasional use in Grade 
VA. M likewise showed something of a drop, from 18.6 per cent in 
Grade IIIA to 16.4 per cent in Grade VA, but the abandonment of 
this process was less pronounced in the larger than in the local study. 

7. The inefficient processes S, C, and R were also discarded along 
with the undesirable processes just discussed, but they did not wholly 
disappear: C yielded eleven answers per 1000 in Grade VA (down 
from forty-nine in Grade IIIA) ; S yielded thirty-nine answers (in- 
stead of eighty-five in Grade IIIA), and R yielded seventy-seven 
(compared with eighty-five in Grade IIIA). Extent of use of these 
processes is probably somewhat exaggerated in this investigation for 
the reason which has already been stated, namely, that the interview 
combinations as a whole are among the more difficult multiplication 
facts. In the case of R, six of the fifteen combinations selected for 
the interviews were peculiarly susceptible to the assistance which R 
affords. In every half-grade these combinations were dealt with by 
R toa disproportionate degree. For example, in Grade IIIA the ratio 
of use of R with these combinations (in which the first factor is the 
larger, as in 9 X 6) compared 2.5:1 with its use in connection with 
other combinations. 

There are, then, differences in the extent to which the various 
processes were used in the local and in the extended studies, but these 
differences, with two exceptions, are minor and fall well within the 
expected limits of variation. The exceptions are the processes M and 
H. The following summary reveals the nature of the discrepancy : 


Combined M and H, 


in Per Cents Ratio of H to M 
Local Extended Local Extended 

Study Study Study Study 
Grade WIVAU ee seeder 53.4 63.1 Zee 2.4:1 
Grade aiViBiweye: eee cee 61.9 63.9 37a See 
Grade cIWAs Mandel cree 88.9 76.2 5.2:1 Oa 
Grade VB. Savsetscheor 82.6 78.8 14.8:1 2.9:1 
Grade ViAWw. bin ideas ore 94.4 82.2 13.1:1 40:1 


In both studies the relative frequency of M and H combined in- 
creases from half-grade to half-grade (except for Grade VB in the 
local study), and at this point the results of the two studies are alike. 
But the total per cents differ markedly in three half-grades, M and H 
together having been used much less often in Grade IIIA and much 
more commonly in Grades IVA and VA in the local study. The 
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greater weight should probably be attached to the figures for totals 
obtained in the extended study, in view of the larger number of 
pupils and the variety of instructional programs represented. 

On the other hand, where there is a difference in the figures in 
the last two columns, those for the /ocal study would seem to be more 
valid. The ratios of H to M are the same for the first three half- 
grades, but are quite unlike for the last two half-grades. It is hardly 
probable that the ratio of H to M should drop from 5.2:1 to 2.9:1 
and to 4.0:1 in Grades VB and VA. Rather, the marked rise in this 
ratio found in the local study is much closer to reasonable expecta- 
tion. 

If the ratios for the local study are accepted for Grades VB and 
VA, the corresponding ratios for the extended study must be re- 
jected. This statement amounts to saying that relatively too few uses 
of H and relatively too many uses of M were reported in the larger 
study. Yet, this hypothesis is not fantastic; nor is it a blind guess. 
On the contrary, it is quite likely. H-responses become steadily more 
difficult to differentiate from M-responses the higher the grade from 
which interview subjects are drawn. By the time children reach 
Grade V they have usually reduced their processes to automatic asso- 
ciations, and their answers based upon meaningful processes are dis- 
tinguishable from responses of pure memorization only through care- 
ful and insightful questioning. The interviewers in the extended 
study were warned not to tabulate processes too quickly as H. This 
warning may well have overshot its mark, and interviewers may have 
failed to record as H processes that were actually of this type. 


CONCLUSION 


Chapter IV ended with a brief account of the way in which the 
children in the local study learned the multiplication combinations. 
In that place it was impossible to generalize and to say that the facts 
found are typical, that they are observable universally, for the basic 
data were obtained from children who had been subjected to but a 
single program of instruction. Now, the data in this chapter (Chap- 
ter V) corroborate the data from the local study in every important 
detail. In the larger as well as in the smaller study children are seen 
to have approached mastery of the combinations in a way which may 
be called indirect. True, when the course of learning is plotted in 
terms of rate and accuracy, learning seems to have been fairly direct ; 
but not so when it is viewed in terms of thought processes used. ~ 
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TABLE 24 
EXTENDED Stupy: PER CENTS or ANSWERS OBTAINED BY VARIOUS PROCESSES 


Percentage Distribution by Half-Grades 
Type of 
Process A Ube IVB IVA VB VA 
(N=/55; 474) (N=483) (N=425) (N=426) (N=373) 


Habituation, 


Meaningful... 44.5 50.3 63.9 58.6 65.8 
Memory, Rote 18.6 13.6 pa 20.2 16.4 
Guessing. .:.... 8.2 8.2 Ses! 4.0 Zol 
Solution: se. -b. 8.5 4.4 on Oa 3.9 
Counting....... 4.9 4.1 eS AS Lol 
Reversal....... 8.5 9.6 10.8 8.9 eel: 
Tables. es 3.8 4.1 4.8 oh? 232 
Visualization.... 0.7 0.2 0.3 0.0 0.0 
No Attempt.... 2.0 4.3 0.7 0.4 0.3 
Indeterminate .. 0.2 0.4 0.0 OMT 0.1 
Miscellaneous... 0.2 0.8 0.0 0.1 0.2 
Total en rd Ae 100.1 100.0 99.9 99.8 99.8 


*See the explanation, page 88, for combinations included in Grade IIIA figures. 


Per cents of 





Answers 
100 
80 
60 £ 
H= Hobituation 
R Reverso/ 
emory 
40 Ss. 5 olut, con 
G 
20 
Half-Grades IIIA IVB IVA VB VA 


Fic. 7. Extended study: changes in processes used from grade to grade, 
as revealed in interviews. 
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Children at the early stages of learning, in Grade IIIA, reacted dif- 
ferently (by less desirable, mature, and efficient processes) from chil- 
dren closer to the point of intelligent mastery. 

Table 24 and Figure 7, similar to Table 11 and Figure 2 for the 
local study, show the transition to mature, efficient, and desirable 
processes on the part of subjects in the extended study. Further com- 
ment on the course of learning is deferred to Part IV of the mon- 
ograph, where the significance of the findings with regard to learning 
may be considered as they affect the teaching process. 


CHAPTER VI 


FACTORS WHICH MAY AFFECT LEARNING 


Certain data collected by the interviews and the group tests in 
both studies are relevant to the question: What factors influence the 
learning of the combinations? “Learning” in this chapter, as else- 
where, is described in the familiar terms of the three criteria: rate of 
work, accuracy of answers, and method (or mental processes) em- 
ployed in obtaining answers. The factors which are considered as 
possibly affecting learning in the three aspects just noted are: (1) 
chronological age (CA), (2) mental age (MA), (3) brightness 
(IQ), (4) general facility in arithmetic (AA) as obtained from 
scores on the arithmetic sections of the new Stanford Achievement 
Test, and (5) sex. 


The plan of the chapter is as follows. Section A is devoted to a 
purely statistical study of the relationships between the learning 
criteria of rate and accuracy on the one hand and factors (1), (2), 
(3), and (4) on the other hand. The technique employed is that of 
correlation (Pearson Product-Moment Method). Section B explores 
the relationship between factor (5), sex, and all three learning cri- 
teria. Since sex is dichotomous, its relationship with the learning 
criteria is studied by means of measures of central tendency and 
dispersion (Md and Q). 


A. CA, 1Q, MA, AND AA AS FACTORS 


The relationship between the four factors above and rate and 
accuracy of work is studied at three grade levels, IIIA, IVB, and 
VB, where complete records were available for at least 107 subjects 
each per half-grade.1 


Time as the Criterion of Learning 


Table 25 contains the coefficients of correlation between rate as 
the learning criterion and factors (1) to (4). None of the coefficients 
are large. 


* Intelligence tests were not given in Grades IVA and VA, though of course 
the Grade IVB and VB IQ’s could have been used and new MA’s found by 
extrapolation, 
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TABLE 25 


COEFFICIENTS OF CORRELATION BETWEEN TIME AND VarRIOoUS FAcTors WHICH 
INFLUENCE LEARNING 


Items Correlated Grade IIIA Grade IVB Grade VB 


Mine anGiG@Al ee cares —.11 — .09 —.07 
MumietandilOs shen satel: waar nos 18 .05 
Memetands UA Ses ete et aD, .24 .08 


MimerangvwAtr mmm critters cers — .28 14 — .07 


The negative coefficients for CA suggest a slight tendency for the 
older children in all three half-grades to take more time on the group 
test than did the younger children. The brighter children (IQ) took 
more time than the duller in Grade IIIA, but less time in Grade IVB. 
In Grade VB the relation for IQ is practically zero, probably because 
’ the greater familiarity of all subjects with the combinations had by 
this time erased any effects of differences in IQ. So much for the 
coefficients as such. The relationships between rate of work and the 
four factors considered are chiefly of academic interest. That is to 
say, the relationships are hardly of much significance from the stand- 
point of learning and teaching, because time to complete the test is a 
highly ambiguous criterion of learning. 

Greater familiarity with the combinations may also have been re- 
sponsible for the smaller relationship between MA and time (never a 
strong relationship) after Grade IVB. Proficiency in arithmetic 
(AA) seems to have had varying relationship with rate of work. The 
“best” time records could have been made by children who attempted 
to write answers for none of the combinations. ‘Good’ time records 
could have been turned in by children who attempted only a few 
- combinations, or who wrote as answers the first numbers that came 
into their heads. Conversely, “poor” time records could have been 
made by subjects who seriously tried to write correct answers for all 
combinations, some of whom might have had very high accuracy 
scores. 

The correlation coefficients for rate of work and for accuracy 
scores were: —.04 in Grade IIIA, .57 in Grade IVB, and .33 in Grade 
VB. The zero relationship in Grade IITA justifies the criticisms just 
raised with respect to rate as a measure of learning in that half-grade. 
The higher and positive correlation in Grade IVB is understandable, 
in view of the fact that this was really the “learning” half-grade; all 
children wrote as many answers as they could and those who “knew” 
the combinations best probably worked more rapidly. The lower re- 
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lationship in Grade VB is again probably the consequence of the 
increased familiarity of all subjects with all combinations. 


Accuracy as the Criterion of Learning 


Accuracy of answer is a sounder criterion of learning than is rate 
of work, if for no other reason than that only correct answers could 
contribute to the scores used as measures of learning. At the same 
time, accuracy is not acceptable as the sole criterion of learning 
(though it is usually so accepted in the classroom), for it omits all 
consideration of the way in which answers are obtained. 

Table 26 summarizes the coefficients of correlation between num- 
ber of correct answers on the group test and four factors which may 
possibly affect learning. Unlike the coefficients in Table 25, the meas- 
ures in Table 26 are mostly positive, and a larger per cent of them 
signify that relationships do exist between the learning criterion and 
the factors chosen for study. 


TABLE 26 


COEFFICENTS OF CORRELATION BETWEEN ACCURACY AND VARIOUS FAcTorRS 
Waicu May Arrecr LEARNING 


Items Correlated ’ Grade IITA Grade IVB Grade VB 





Aecuracysand| CA nner — .08 —.19 — .07 
JNAGUEIS/ Ebstel WO) oo obsosces0s 45 30 .14 
INGCUTa Gyaaricl y VAC einer: apll oS -08 
Accuracyand) AY eee ees BOD, Boe -03 


All coefficients between CA and rate are slightly negative, signify- 
ing that in general the older children worked less accurately than did 
the younger children. Within the limits of each half-grade this 
negative relationship could have been predicted, for the older children 
are also the less capable children. 

IQ seems to be moderately related to number of correct answers 
in Grade IIIA, considerably less so in Grade IVB, and much less so 
in Grade VB, where the relationship all but disappears. These figures 
would appear to mean that brightness is definitely related to the abil- 
ity to give correct answers in Grade II1A—it is, in other words, a 
real factor making for ease of learning at that time—but that its in- 
fluence wanes steadily in face of increased experience and drill, until 
in Grade VB its importance in learning is negligible. 

On the other hand, MA persisted as a factor in learning through 
Grade IVB, that is to say, until after all combinations had been 
presented for learning. The correlation coefficients for MA are espe- 
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cially interesting in view of the current proposal to determine the 
grade for teaching the multiplication combinations in terms of this 
factor. The significance of these coefficients in this connection will be 
considered in Chapter IX. 

The highest correlation coefficient in Table 26 is .59, for accuracy 
and AA in Grade IIIA. It is not unreasonable to assume that gen- 
eral proficiency in arithmetic, as measured by AA, should have pro- 
vided a good basis for learning the first multiplication combinations 
in that half-grade. The sharp drop in the size of the coefficients for 
Grades IVB and VB (in the latter grade the coefficient is zero) is 
not so easily explained, especially since both in the multiplication test 
and in the standard arithmetic test accuracy of work is a common 
factor. Possibly the drop in the coefficient means that increases in 
accuracy on the multiplication combinations from grade to grade be- 
come relatively less important in determining scores made on the 
test of general arithmetical achievement. 


B. SEX AS A FACTOR 


Sex as a factor in learning no longer holds so much interest for 
psychologists as it did three or more decades ago. Probably the rea- 
son for their declining interest lies in the consistent findings of re- 
search that in purely intellectual functions differences between the 
sexes are not large, that one sex achieves about as well as the other, 
and that, in terms of averages, from 40 per cent to 60 per cent of 
one sex usually equals or exceeds the average of the other sex. 

In the case of arithmetic, the results of research have not always 
been in complete agreement. Two sample studies relating to the num- 
. ber abilities of children on entering school may be cited. Buckingham 
and MacLatchy? report a small but consistent superiority for girls. 
The tasks included in their individual tests comprised rote counting 
by 1’s and by 10’s, enumeration of objects to 20, reproduction of 
groups of objects numbering 5, 6, 7, 8, and 10, and various ways of 
dealing with selected addition and subtraction combinations. On the 
other hand, Woody (29), whose inventory contained many more 
number tasks than did Buckingham and MacLatchy’s inventory, 
found a general superiority for boys. On the test as a whole the boys 
surpassed the girls in four of the five grade groups (kindergarten to 

*B. R. Buckingham and Josephine H. MacLatchy, “Number Abilities of 
Children When They Enter Grade One,” Report of the Society's Committee 


on Arithmetic (Twenty-ninth Yearbook, National Society for the Study of 
Education; Bloomington, Ill.: Public School Publishing Co., 1930), pp. 473-524. 
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Grade IIA), although none of the differences were statistically re- 
liable. The greater ability of boys was especially marked in the social 
applications of number, such as money, telling time, and the like. 


So far as the multiplication combinations are concerned, Hollo- 
way (10: 98) reports that girls clearly excelled boys in two of his 
studies in their knowledge of the multiplication facts. Other investi- 
gators have not always agreed with this finding. 


In the intermediate and higher grades the advantage has regularly 
been found to lie with boys both in abstract computation and, even 
more so, in problem solving. Furthermore, the amount of this ad- 
vantage appears to increase from grade to grade. 


No research, however, has been concerned with the reason why 
one sex surpasses or may be expected to surpass the other. Hypotheses 
have been advanced, but these have tended to be incompatible. The 
one hypothesis, the traditional hypothesis, assigns differences to 
biological and heritable causes—boys “naturally” have more “mathe- 
matical aptitude” or they “just naturally” are able to “think” better 
than girls. The second hypothesis attributes the cause of sex differ- 
ences to unlike social or cultural factors. Advocates of the second 
view point to the excessive restrictions to which girls are subjected. 
As a result, girls early become submissive and docile, inclined not to 
challenge but to accept the statements of older persons, such as 
teachers, without examining into their rational bases. If the second 
explanation is correct, girls should be expected, but not for biological 
reasons, to approach intellectual learning tasks differently from boys, 
for example, to memorize in occasions in which boys “think.” Dif- 
ferential effects in arithmetical learning would therefore be found in 
the way in which they learn,? whether or not in the breadth or depth 
of their learning. 


Certain data collected in the present studies pertain to sex differ- 
ences with regard both to method or way of learning and to extent of 
achievement. The data which relate to comparative achievement will 
first be considered. 


* Freeman briefly summarizes the findings of research on sex differences 
as follows : 

“Practically all investigators have found a small but consistent superiority 
of females over males in linguistic ability. In number concepts and arithmetical 
ability, including computation and reasoning, although the results are not so 
unequivocal, the weight of evidence is on the side of a small difference in 
favor of the male group. In tests of memory, girls as a group appear to be 
somewhat superior to boys” (F. S. Freeman, p. 423, in Charles E. Skinner, ed., 
Educational Psychology, New York: Prentice-Hall, Inc., 1940). 
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Samples of subjects were selected from the populations of both 
the local and the extended investigations. In the case of the local 
study fifty consecutive records were drawn for both boys and girls 
separately in each half-grade. In the larger investigations every 
second record for boys and for girls was chosen until samples of one 
hundred records for each sex in each half-grade had been obtained. 
The procedure employed to secure the samples very probably pre- 
cluded the operation of selective factors which could have made the 
samples unrepresentative.* 

Tables 28 and 29 contain measures of comparative accuracy and 
of comparative rate of work, respectively, for the sex samples drawn 
from the two studies. In accuracy, the Grade IIIA median of the 
girls is six points higher than that of the boys in the local study, and 
three points higher in the extended study. Where there are differences, 
Q,’s and Q,’s also favor the girls. In Grade IVB the girls’ advantage 


TABLE 28 


MEASURES OF ACCURACY ON COMBINATIONS TEST Mabe By SAMPLES OF Boys 
AND Girts, LocaL AND EXTENDED STUDIES 


Grade IITA | Grade IVB | Grade IVA | Grade VB Grade VA 














Measure | |---| sn XH  )  _ s H 
Boys Girls| Boys Girls| Boys Girls| Boys  Girls| Boys — Girls 
(Local study, N=50 per sex) 
Qiaeee eens 54 60 72 78 80 80 80 80 80 80 
IMI dix eal. 5 62 68 79 80 81 81 81 81 81 81 
Osea aan iD 76 80 81 81 81 81 81 81 81 
ee ae OLOM SO Ones Pe emOnoit "O55: 2 OSs O15) 1025 
(Extended study, N=100 per sex) 
On wr et 62 62 65 69 78 80 79 79 79 80 
Midi, Rarceet S 67 70 78 79 80 81 81 81 81 81 
MOSS ech ote Wi 79 81 81 81 81 81 81 81 81 
Ore: Rae: (eo ese Ole mOROlb er slino me OnS 10) Ol ale OF Oss 


“A statistical study of the sex samples in the local study showed the fol- 
lowing facts with regard to medians: in CA, girls and boys identical in Grade 
IVB and VB, with a difference of one month in favor of the boys in Grade 
IIIA; in MA, sexes identical in Grade IVB and within two months of each 
other in the other two half-grades; in IQ, girls superior by from one to four 
points in each half-grade; in AA, girls superior by six months in Grade IIIA 
but inferior by smaller margins in Grades IVB and VB. The only important 
difference then was in the case of AA in Grade IIIA; the differences in IQ 
were unreliable. There was no consistent tendency for girls or boys to be 
more or less homogeneous. (See Table 27 in the Appendix.) 

In other words, the sex samples in the local study seem to have been very 
like each other. In view of the much larger samples in the extended study, 
it is reasonable to believe that the two corresponding sex samples were even 
more alike in the four factors mentioned above. 
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TABLE 29 


Measures oF RATE ON COMBINATIONS TEST MaApE By SAMPLES OF Boys AND 
Girts, Loca AND ExTENDED STUDIES 





Grade IITA Grade IVB Grade IVA Grade VB Grade VA 




















Measure —_——-—_—— 

Boys Girls | Boys Girls | Boys Girls | Boys Girls | Boys Girls 
(Local study, N =50 per sex) 

Olinietne 5:25 5:00 | 3:40 3:25 | 2:35 2:25 | 2:50 2:45 | 2:30 2:25 

Md .| 6:30 6:50 | 4:45 4:35 | 3:05 2:45 | 3:30 3:20 | 2:50 2:50 

Os: 7:55 8:55 | 5:45 5:20 | 3:55 3:25 | 4:00 3:45 | 3:30 3:25 

Orete. 1:15 1:58 | 1:03 0:58 | 0:40 0:30 | 0:55 0:30 | 0:30 0:30 

(Extended study, N =100 per sex) 

Oakes 4:20 4:15 | 3:40 3:35 | 2:35 2:35 | 3:00 2:50] 2:25 2:20 

Md....| 6:10 5:25 | 4:50 4:30 | 3:10 3:25 | 3:20 3:20 | 2:45 2:40 

Oeeuee 8:45 8:15 | 5:55 5:50 | 4:10 3:55 | 4:20 4:25 | 3:50 3:35 

CR ecraus 2:23 2:00 | 1:08 1:08 | 0:48 0:40 | 0:40 0:48 | 0:43 0:38 





in medians is reduced to a single point (and hence is not reliable) in 
both studies, and from this point on the average achievement of the 
two sexes is identical. 

In rate of response, the girls’ medians surpass the boys’ in three 
of the five half-grades in both studies, and equal or surpass them in 
four of the five half-grades. About the same amount of advantage 
holds for the girls when Q,’s and Q,’s are compared. 

A fair summary of the situation is that at the outset girls surpass 
boys in “learning” the combinations, whether the criterion is accuracy 
or rate, that in accuracy they lose their advantage very soon, by the 
end of Grade IVA certainly, but that in rate of work they tend to 
maintain their advantage for at least a half-grade longer. 

The data on processes used may now be considered. Table 30 
summarizes the frequencies with which the different processes were 
used by the 150 boys and the 150 girls in each half-grade sample. 

In every half-grade the boys surpassed girls in use of H, the dis- 
parity ranging from a difference of ten uses (Grade VB) to 144 uses 
(Grade IVA). On the other hand, girls used M more than did boys 
in every half-grade, by margins ranging between fifty-eight (Grade 
IVB) and eighty-three (Grade IVA) and eighty-two (Grade VA). 
They likewise employed R more commonly in four half-grades 
(Grade VB is the exception)—and it is to be remembered that by 
using R they may have been able to convert the reverse combinations 
to direct combinations with which they could have used M. In the 
two lowest half-grades where G occurred often enough to be called 
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TABLE 30 


Processes USED, WITH FREQUENCY, BY SAMPLEs oF 150 Boys ANp oF 150 GrRLs 
Drawn FRoM Boru LocaLt aNnp ExTENDED STUDIES 


Frequencies by Half-Grades, Boys and Girls 


Process IITA IVB IVA VB VA 
Boys Girls | Boys Girls | Boys Girls | Boys — Girls | Boys — Girls 

Picea! 849 821/1,263 1,225)1,654 1,510/1,531 1,521/1,692 1,603 
Mie 332 395| 247 305} 252 335} 282 347| 277 359 
Gree 195 213} 120 125} 35 23 46) 24 41 
Sinet oe 226 174| 169 114] 76 56, 91 73) 68 66 
Cee 133 91) 115 62} 24 15| 34 40 6 12 
Reus. 157 213} 202 247| 187 226) 189 164) 133 139 
Deel aitees 54 64| 101 TT aaah? 63} 58 39} 42 26 
Wik ee 2 2 it 1 1 Ali aS, Pesan e: 2 
INGE ets 285 278) 89 71 4 11 2 2 1 2 
Ieee at ays 5 6 5 LO ney Snes 9 18 6 5 
NEN 8 22 12 LON ae eras 8 16 6 


common, girls used this process more often than did boys. In the 
same half-grades they employed S and C less frequently. 


None of these differences when taken alone means very much; 
but when taken together these differences do seem to indicate that the 
sexes were not alike in their attack upon the combinations. In gen- 
eral, girls in the lowest half-grades relied more often than boys upon 
undesirable processes (M and G) as well as upon immature processes 
(R). Moreover, they clung longer to R and M and were slower 
to adopt H. Admittedly these sex differences are not large, and 
they certainly imply no qualitatively different approaches in learning. 
Nevertheless, the differences are consistent, and they warrant the 


tentative hypothesis that girls tend less commonly than do boys to — 


approach the combinations on a basis of understanding. 


If further research should establish this hypothesis as valid,® it is 
not unlikely that at the same time an explanation may be found for 
the failure of girls to maintain throughout the intermediate grades the 
initial superiority in arithmetic which they are reported as enjoying 
in the lower grades. The processes of M and R, for example, may 
give a temporary advantage in writing or saying products quickly and 
accurately, as in Grades IIIA and IVB, but they provide an insecure 
foundation for retention and for successful use of the combinations 
in the complex multiplication computation of higher grades. In the 


° The senior author is at the present time trying to get research organized 
for an attack upon this problem. 


anna 
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end the boys, who suffer in rate and accuracy comparisons in the 
lower half-grades, may actually be learning in the sounder manner. 

The present research justifies no more than the hypothesis which 
has just been advanced. It does not, for instance, afford any evidence 
on a second hypothesis which was mentioned earlier. There still re- 
mains the question why girls should use lower-order processes than 
do boys in learning the combinations (if, indeed, they do). The 
explanation may be biological: girls inherit less “mathematical apti- 
tude” or inherit less of whatever eventuates in “mathematical apti- 
tude.” Or, the explanation may be cultural: in the way in which girls 
learn the combinations they merely reflect the effects of differences in 
social pressures and encouragements which are general in their appli- 
cation. The writers incline to the latter explanation. 


Part lil 


Readiness to Learn the Multiplication Combinations 


CHAPTER VII 


THE PROBLEM OF READINESS 


MEANING OF “READINESS” 


Properly conceived, “readiness” to learn anything involves the 
joint action of a number of factors.1 It obviously involves the intel- 
lectual ability to learn whatever is to be learned ; but it involves much 
more than this. It involves the factor of motivation, the personal 
desire and intent to learn on the part of the learner. It may easily 
involve emotional factors, for example, the joy of successful achieve- 
ment and, before this, intense eagerness to learn. It involves, or 
may involve, social factors, for the child’s cultural milieu may pre- 
sent him with the need, even the necessity, of learning. It may 
involve obscure physiological factors, such as those represented in 
the requisite degree of development of the parts (receptors and 
effectors) essential to learning. 

In educational literature, the term “readiness” does not com- 
monly include all these factors. Instead, ‘‘readiness” means purely 
the intellectual ability to learn, and emphasis is put upon perceptual 
and conceptual processes, while the motivational, social, and phys- 
iological? factors are unrecognized or disregarded. In a way this 
narrow usage is unfortunate, for it encourages the practice of neg- 
lecting other factors which make for effective learning. Hence, the 
learner often is required to face tasks too soon and without adequate 
preparation and motivation. 

On the other hand, there is some value in restricting the term 
“readiness” to the single (but by no means simple) factor of ability 

1 Clifford Woody, “A General Educator Looks at Arithmetic Readiness,” 
Mathematics Teacher, XXX (1937), 314-321. 

* The term “physiological factors” of course includes neural factors. In his 
subsidiary law of learning, the Principle of Readiness, Thorndike limited the 
word “readiness” exclusively to the condition of the neurones which were con- 
cerned in a given reaction. Whether this condition results from heredity, 
from previous learning, or from both depended, for him, upon the particular 
reaction and upon the particular neurones under consideration. In some of 
the more recent educational uses of “readiness” (for example, in many places 
in the reports of the Committee of Seven, to be considered shortly) there is the 
clear implication that ‘readiness,’ as for the multiplication and the addition 
combinations, for “long” division and the like, is dependent solely upon the 


maturation of highly specialized neural mechanisms. In this development 
experience seems to be regarded as inoperative. 
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to learn. Such restriction has the advantage of centering attention 
upon one essential condition of learning and so of getting something 
done about it. This is not to say that other factors are less crucial 
to economical learning; rather, it implies that if “readiness” is so 
construed we should have another more comprehensive term to cover 
“readiness” in the narrow sense as well as all other factors. It is 
in this narrow sense that the term will be used (hereafter without 
quotes) in this monograph. 


NEWNESS OF THE PROBLEM 


It was common practice until a decade or two ago to present all 
100 multiplication combinations in Grade III. This practice was 
based upon tradition rather than upon research and implicitly involves 
the assumption that by the middle of Grade III children are ready to 
start the combinations and that by the end of the term they can com- 
plete the learning. More recently, the tendency has been to post- 
pone a good many combinations to Grade IV, and in Grade III are 
taught only the tables through those for 4 or for 5 or all the com- 
binations with products to 20, 25, or some such number. 


One must concede that the older practice of teaching all the com- 
binations in Grade II] seldom produced the expected results. Scores 
on informal tests and on standard tests alike revealed lack of mastery 
at the end of Grade III. But such test scores could hardly reveal 
the reason for this lack of mastery. The commonest inference from 
the test results seems to have been that children had not learned the 
combinations because at that time (Grade III) they were not ready 
for them. This is but to say that they had not learned because they 
were then intellectually incapable of learning. Hence, as noted above, 
part of the combinations, if not all of them, were deferred to Grade 
IV or even later. 

Undoubtedly, impetus was given this solution of postponement 
by the growing acceptance of the educational philosophy which is 
epitomized in the phrase “the child-centered school.” The rediscovery 
of the child in the enterprise of education aroused new concern for 
him and for -his sound, wholesome development. The traditional 
curriculum was viewed as an adult program which had been imposed 
upon the child without adequate consideration for his powers and 
his welfare. Under current conditions of instruction the average 
child found it difficult, if not impossible, to learn all the multiplica- 
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tion combinations in Grade III; hence, the way out was to defer at 
least some of them until a later grade. 

But there is an alternative explanation for the poverty of learning 
when all the combinations were taught in Grade III. Perhaps chil- 
dren did not learn the combinations taught them because the com- 
binations were not well taught. Children might possibly have been 
successful if their learning activities had been appropriate, appropri- 
ate alike to their powers and to the task at hand. This hypothesis, 
surely as tenable as that of sheer incapacity to learn, was not inves- 
tigated ; indeed, it was seldom seriously considered. The temper of 
the times was wrong: failure to learn was equivalent to inability to 
learn, and the difficult learning task was deferred. Educational 
theorists and practitioners were borne along in a wave of sentimen- 
tality with respect to childhood. 


PURPOSE OF PART III 


At the time this monograph is being written educational practices 
are being critically examined. We have not lost our interest in the 
child. The idea of the “child-centered school” has made its contri- 
bution, and it is an important and lasting one. We shall not in any 
likelihood revert to a curriculum or to a methodology which mini- 
mizes the place of the child in the educational picture. But many 
educators are questioning the wisdom of practices adopted in the 
throes of emotion—at the same time they are refusing to return to 
the “old” education. We have, for example, adopted the “stepped-up 
curriculum,” in accordance with which learning tasks have been 
rather generally moved higher in the grades. Why did we adopt 
this program? Were the reasons sound and adequate? Or, were 
we misled by ambiguous terms (“readiness,” “maturation”) and a 
misconception of the nature of development? Does “maturation” 
apart from experience produce the ability to learn? If children, 
taught as we teach them, do not learn, must we wait until they are 
older to teach them? Or, is there something we can do about readi- 
ness? Can we influence readiness? By manipulating experiences 
can we actually get children ready for learning? If so, may not our 
methods of teaching be more significant than we have thought; and 
cannot we, by discovering better methods, do things we have thought 
impossible? 

It is the purpose of Part III to consider such questions as these 
as they relate to the multiplication combinations. In Chapter VIII 
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will be canvassed the evidence on readiness which has been found to 
exist prior to the start of systematic instruction. Only a small amount 
of evidence is to be had from previously reported research ; the more 
complete and convincing evidence comes from an original study by 
the junior author, reported here for the first time. Evidence on 
readiness obtained during the course of learning studies will then be 
summarized in Chapter 1X, most of it previously published, but some 
of it from the new studies reported in Part II of this monograph.* 

* It is not the purpose of Part III to determine whether the multiplication 
combinations should be taught in Grade III (all or part of them), or whether 
they should be postponed to a later point in the grades. Ability to learn is 
only one criterion for grade placement. It may be justifiable to postpone topics 
long after children could learn them on the basis of other criteria. For ex- 
ample, the child may not need the topic (can get along without it) at the 


point where he can learn it. Or, we may prefer to postpone a learnable topic 
in order to do a more thorough and more extensive job with other topics. 


CHAPTER VIII 


EVIDENCE ON READINESS, PRIOR TO 
INSTRUCTION 


For convenience this chapter is divided into two sections. In the 
first section will be reviewed several earlier investigations, all except 
one of which have been published and none of which was concerned 
primarily with the question of readiness for the multiplication com- 
binations. Three studies in this group are inventories of children’s 
number knowledge before the start of systematic instruction in arith- 
metic, and none gives more than passing attention to multiplication. 
Four other studies report knowledge of the combinations immediately 
prior to instruction thereon. The second and larger section of the 
chapter will be devoted to a new investigation which was designed 
specifically to discover children’s readiness for the combinations in 
Grade III. 


PREVIOUS RESEARCH 


Inventories 


Grant (9)! administered Test 5, Numbers, of the Metropolitan 
Readiness Tests, to 563 children just beginning Grade I in nine 
Cincinnati schools. One item in the test called for the use of 3 x 2 
in a verbal problem, the answer to be indicated by encircling the cor- 
rect number in the printed series 9, 7, 10, 6, and 15. Only 0.4 per 
cent of his 145 subjects with I0’s below 90 scored successes, and 
' the corresponding per cents for the 252 subjects with IQ’s between 
90 and 109 and for the 166 subjects with IQ’s of 110 and above 
were 18 and 31, respectively. The correlation between success and 
IQ is what would be expected; but Grant’s few data, as he himself 
would insist, reveal little about his subjects’ knowledge of the mul- 
tiplication combinations—or even about their knowledge of the one 
fact 3 X 2 = 6. “Problems” are usually harder for children than 
are abstract examples, and the method of recording answers intro- 
duced irrelevant difficulty. 

In an earlier study (29) Woody had tests given individually to 
2,895 children in thirty-nine school systems. His subjects were 


* Numbers of this kind refer to the bibliography at the end of Chapter II, 
pp. 40-42. 
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enrolled in five half-grades, from kindergarten through Grade IIA, 
but the tests were always administered in the half-grade immediately 
before that in which systematic instruction was started. Three test 
items involved the identification of successive groups numbering 3, 
5, and 4. The procedure was to have children mark off each equal 
group as specified, in printed rows of stars. Only the data for 1,897 
Grade IA children were reported: 90 per cent were successful with 
groups of 3, 79 per cent with groups of 4, and 76 per cent with 
groups of 5. 

The Woody data are only indirectly significant for the problem 
at hand. His subjects were not required to announce the totals ob- 
tained by their grouping, and hence the test situation did not involve 
the process of multiplication as such. But it did involve an ability 
basic to multiplication, namely, the ability to deal with series of groups 
of equal size. The plan for his investigation called for observations 
of the methods of work employed by subjects in identifying groups; 
but his interviewers apparently supplied few usable returns, and 
Woody inferred that, though his subjects could identify groups, they 
did so only by the most immature of methods, chiefly counting. 

With this conclusion Carper? takes issue. Her subjects were 
270 children in three North Carolina cities who had been in Grade I 
less than three weeks when tested. Their mean CA was 77.6 (S.D., 
4.5), and their mean MA, 77.9 (S.D., 9.4). One part of her test 
consisted in having children draw “boxes” around groups of printed 
objects, the objects in each row being of the same size and equally 
spaced with respect to each other. Specifically, they were to mark 
(a) groups of two rabbits in a row of eleven, (b) groups of three 
boats in a row of eleven, (c) groups of four dogs in a row of eight, 
and (d) groups of five trees in a row of twenty-two. As in Woody’s 
experiment, it was not required to find the total in each row. 

Unlike Woody’s interviewers, Carper, who tested all her subjects 
herself, noted carefully the means taken by each child to divide the 
rows of objects. She isolated three main procedures—grouping, par- 
tial counting, and counting—and was able to identify each by ob- 
jective criteria. Her principal table (Table 4, p. 52) is reproduced 
below in modified form: 

The per cents of successful grouping are especially high for the 

?Doris V. Carper, “A Study of Some Aspects of Children’s Number 


Knowledge Prior to Instruction.” Unpublished Doctor’s dissertation, Duke 
University, 1941. 162 pp. 
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TABLE 31 
ReproDucING Groups By DivipiInc Rows or PIictorIAL OBJECTS 


Per Cent of Correct Responses, by Number 


Method of Procedure 
2 3 4 5 
Groupings. cere th 95.2 83.7 38.5 aS 
Wounting paar eee en 0.7 8.2 42.9 Wiad 
Partialicountinpys: j. yes. o- si 2:2 Seo eo 
Totals cR ae. ote, OSE 94.1 87.3 61.1 


*The per cents of incorrect responses were, in the order above, 4.1, 6.0, 12.6, and 38.9. 


numbers 2 and 3, in spite of Carper’s very high standards. (If 
counting was used in obtaining a single group in a row, no credit 
for grouping was allowed for that row. Furthermore, an error was 
entered for a row if any single group contained the wrong number 
of objects, or if any object was skipped.) Her high standards prob- 
ably affected adversely the grouping into 4’s and 5’s especially, as 
did also the character of the objective material used for these num- 
bers. For these reasons the per cents of grouping for 4 and 5 are 
to be regarded as minimal. Nevertheless, with all these limitations, 
which are mentioned by Carper herself, these children clearly mani- 
fested surprising ability to deal effectively with successive groups of 
two and of three objects each and some skill in dealing with groups 
of four and of five objects. To this extent, then, it may be said that 
they were ready for multiplication, even at the start of Grade I. 


Knowledge Immediately Prior to Instruction 


So much for the inventories which relate to the readiness of 
_ children for multiplication as much as two and a half years before 
they are taught the combinations; next to be considered are four 
learning studies. In these studies are reported data on the knowl- 
edge of the combinations at the start of systematic instruction 
thereon. 

Preceding his experiment on the value of self-directed activities 
in learning the combinations, Fowlkes (8) tested his third-grade 
subjects. The average child wrote correct answers for twenty-three 
of the one hundred combinations, and the range was 0-66. In sim- 
ilar circumstances Norem and Knight (14) gave two oral tests to 
each of their twenty-five third-grade subjects. The average child 
gave correct answers for thirty-two combinations on both tests, and 
the range was from 1 (a very young child, aged eight years, one 
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month) to 65 (a child aged eight years, eleven months). The agree- 
ment between the Norem-Knight and the Fowlkes data is noteworthy. 

Some years later Dahlgren under Brueckner’s direction investi- 
gated the factor of transfer in learning the multiplication combina- 
tions (4). On the pretest 23 per cent of the answers for the nine 
facts with 2 as multiplier were correct, and 25 per cent for the facts 
with 2 as multiplicand. The per cents on the pretests for 3 and for 
3’s were 51 and 52, respectively, and for 4 and for 4’s, 54 and 52, 
respectively. The per cents for the later tests are spuriously high 
because of some overlapping of test content. Nevertheless, the per 
cents of knowledge prior to instruction are high, even though about 
half of the experimental subjects were drawn from Grade IIB, and 
so had the disadvantage of a full year’s less experience with number. 

The fourth and most recent investigation in this group was made 
by Wheeler (27). On the pretest in his study the median score of 
his third-grade subjects was 9.3, with Q, at 1.6, and Q, at 28.2; 
the range was 0 to 75. In this study alone, among the four here 
reviewed, the showing of the subjects was what might be called 
“poor,” and there seems to have been little readiness for the com- 
binations. If Wheeler’s subjects in the two preceding grades had 
been taught arithmetic with as much emphasis upon drill and as 
little emphasis upon meaning as characterized their instruction in 
the course of the experiment that followed, their showing on the pre- 
test is entirely understandable. 

As a whole, the data in the four foregoing studies seem to mean 
that children by the middle of Grade III are ready for the multi- 
plication combinations: that is, they are intellectually able to learn 
them. Under conditions of learning which were not conducive to 
learning, the experimental subjects actually learned a number of the 
combinations. The assumption is that under conditions designed to 
encourage learning they could learn many more. Admittedly, the 
“learning” which these experimental subjects exhibited has been in- 
adequately described. About all that is certain about their “knowl- 
edge” is that they could furnish correct answers for combinations. 
How they obtained their answers, no one can say. From the data 
presented in Part II it is reasonably certain that many of the answers, 
even the correct answers, were secured by procedures far short of 
meaningful recall. Nevertheless, there is no denying the fact that 
many of the children, prior to instruction, already knew some way 
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or ways to go about the task of getting answers. And this knowl- 
edge, however imperfect, argues readiness for systematic instruction. 


A NEW STUDY OF READINESS 


All the evidence with regard to readiness for the combinations 
thus far presented has been indirect, for none of the investigations 
reviewed was organized with specific reference to readiness. In- 
deed, there is but one published report of such an investigation, a 
learning study which will be considered in Chapter IX. But the 
following pages contain new data which relate directly to the prob- 
lem of readiness, for the research was designed with this single 
question in mind.? 


Preliminary Investigation 


A preliminary investigation with fifty-four third-grade children 
was undertaken about a month before the main study, primarily to 
work out the technique for the latter. Both a group test and inter- 
views were used. Results from the former indicated that the group 
test could be lengthened and made somewhat more difficult. Results 
from the interview were serviceable in planning the questions to be 
asked and in identifying categories for classification. The data ob- 
tained in the preliminary study, having been secured from a slightly 
superior group of children and by methods not exactly comparable 
with those used later, are presented at only one point in this chapter. 


Subjects of the Main Investigation 


In the main study the subjects were ninety-eight pupils in three 
- schools in as many different small cities. All children took the group 
test early in February. For the interviews which followed at once, 
the children from each class were taken alphabetically, and it was 
possible to hold conferences with eighty-five. As a group, the experi- 
mental subjects were slightly below average in arithmetic ability, as 
evidenced by the fact that their classes were the only ones in their 
systems in which the multiplication combinations had not yet been 
presented. Accordingly, the results obtained with respect to readiness 
may safely be regarded as somewhat less favorable than may be ex- 
pected with typical third-grade classes. 


® This study was planned and made by Doris V. Carper, and credit for the 
data reported belongs exclusively to her. 
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The mimeographed group test was administered without time 
limit. At the top of the test blank were forty abstract multiplication 
combinations ; at the bottom, twelve spaces in which the children were 
to enter their responses to twelve flashcards, presenting as many facts 
by means of groups of concrete objects. Since the findings from the 
flashcards revealed nothing of special importance, only the data for 
the abstract combinations are reported. 


Twenty-four different combinations were used, sixteen of them 
twice. These sixteen facts appeared, along with eight other facts, at 
the beginning of the test in mixed order, and at the end of the test 
in tabular order. Table 33 shows the facts used as well as their order 
in the test. The children were not instructed how to read the ex- 
amples (all were in the form, three 2’s =, the multiplication sign, x, 
not being used). They were, however, told that they were about to 
try a new kind of arithmetic and that if they could not find answers 
for some examples, they were to omit them. None of the children 
seemed baffled by the unfamiliar task. On the contrary, they set to 
work with confidence. The slowest child finished in approximately 
twenty minutes. 


Distribution of Scores on the Group Test 


Since each correct answer was credited with one point, a perfect 
score was 40. Table 32 contains the distribution of scores. The 
mean was 29.9, with a standard deviation of 5.3, and the range was 
2 to 40. The score of 2 was made by twelve children, all of whom 
made the same mistake of adding multipliers and multiplicands. If 
these twelve children are omitted,* the mean score becomes 32.0, with 
a standard deviation of 5.3; and this mean score represents 79.9 per 
cent of the possible score. 

It will be noted (Table 33) that eleven of the forty combinations 
involve 10 as multiplier or multiplicand. If these eleven combinations 
are excluded, leaving twenty-nine combinations which are regularly 
taught as part of the so-called one hundred combinations, the average 
score for the eighty-six children is 81 per cent of the possible score. 

*TIt is not unreasonable to omit these cases from all tabulations except 
Table 32. After all, as the interviews later revealed, they were confused by 
the unfamiliar form of the examples, so confused that they could not have 
answered correctly. In other words, their errors on the group test do not 


signify unreadiness for the combinations, but simply inability to determine from 
the form of the examples what they were to do. 
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TABLE 32 


DISTRIBUTION OF SCORES ON THE GRouP TEST 


Number of Combinations 
Correctly Answered 


Bossipletscoresricis ries uta se ea Seria ass kere 
IVI at SCONEN Creer ee TA eins PN ee recto ecco theta eie. favs 


TABLE 33 


Number of Pupils 
Making Score 


_ 
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COMPARISON OF PER CENTS oF ACCURACY FOR ISOLATED AND FOR TABULAR 


PRESENTATIONS 


Per Cent of Accuracy 


Combination Isolated 
Order 
Menvaisteyestieen SL e5 
Renidio nares 55.8 
Bigersise ae erect 59.3 
Threegfs....... 66.2 
Sixstee ic hase 68.2 
Rougess. eee WBioe 
Bivert0's.. «+. +4. 74.4 
Three 10’s...... 82.5 
EwOr3 18: 432, teak 87.2 
shires) 5'S...5 54 91.8 
Three 2¥s....... 93.0 
Rowr27S) cys 94.3 


Tabular 

Order 

Sion, Two 4’s 
56.9 Two 10’s 
46.5 Two 5’s 
88.7 Two 2’s 
63.9 Seven 2’s 
67.4 Nine 2’s 
90.6 Eight 2 
90.6 Four 4’s 
94.3 Three 4’s 
89.5 Five 2’s 
Sort) Four 10’s 
86.0 Two l|’s 


Combination 
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Isolated Tabular 
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All the children answered correctly for two 1’s and for*two 2’s, 
and between 92 per cent and 99 per cent answered correctly for two 
5’s, two 4’s, four 2’s, three 2’s, and three 5’s. (These figures are for 
the facts when presented in isolated form.) 

The data from the group test support the findings of Fowlkes, 
Norem and Knight, and Brueckner (see pp. 111-112, above) in show- 
ing a considerable degree of readiness for the multiplication combina- 
tions. It is highly probable that with the start these subjects had they 
profited considerably from systematic instruction which followed at 
once. 


Analysis of Errors on Group Test 


The papers of the eighty-six subjects who scored 12 or higher on 
the group test were examined in an attempt to discover why errors 
occurred. The incorrect responses were classified in five categories, 
and then each category was analyzed. 

(1) Isolated versus tabular presentation—As has already been 
explained, sixteen combinations appeared twice in the test, first in 
mixed or random or isolated form, later at the end of the test in 
tabular form. According to the latter grouping, all facts with 2 as 
multiplicand were placed in order: two 2’s, three 2’s, four 2’s, etc., to 
ten 2’s; then the facts with 3 as multiplicand, with 4 as multiplicand, 
and so on. It seemed possible that the form of presentation might 
have been one factor in determining success or failure in finding 
answers. 

Such, however, seems not to have been the case with the children 
in the main investigation. There is marked inconsistency in the 
relative difficulty of the facts when presented in the two forms. For 
six facts (see Table 33), namely, ten 3’s, ten 2’s, three 3’s, five 10’s, 
three 10’s, and two 3’s—for these six facts higher degrees of success 
were scored in the tabular form; for the other ten facts, in the isolated 
form. Moreover, the coefficient of correlation (rank order) between 
the scores made on the sixteen facts in the two orders is .86. While 
this coefficient is not high in view of the close proximity of the two 
forms in the test, nevertheless, it is high enough to mean that each 
fact was of about the same relative difficulty regardless of form of 
presentation. 

The findings in the preliminary investigation were quite different. 
The fifty-four children in this study were, it will be recalled, some- 
what superior in arithmetic ability. In their group test seven combi- 
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nations were presented in random order, and then in tabular order. 
For only one combination, two 5’s, was the per cent higher for the 
isolated form (88.8 per cent as compared with 83.3 per cent) ; for all 
other six combinations—three 2’s, three 3’s, two 10’s, five 10’s, two 
3’s, and six 2’s—the per cents were higher for the tabular presenta- 
tion, in five cases by differences of nine points or more. 


The dissimilarity in the two sets of results seems to be explicable 
in terms of the differences in quality of the two groups of subjects. 
The superior children in the preliminary investigation made use of 
the relationships implicit in the tabular presentations, and tended to 
increase the products in each series by the amount of the multiplicand 
(two 2’s = 4; three 2’s = 4, and 2 more, or 6; four 2’s = 6, and 2 
more, or 8; and so on). It is noteworthy that these children dis- 
covered these relationships for themselves, and that they did so from 
a single experience with grouped combinations. On the other hand, 
the slower children in the main investigation did not observe this 
relationship ; or, if they observed it, they failed to make effective use 
of it. They were to this extent, then, less ready for the combinations 
than were the first group of children. 


If the foregoing analysis is valid, it is significant for the teaching 
of the combinations. All children will not profit equally from tables, 
for some may fail to note the principles of relationship implicit in the 
tables. Children of average and of less than average ability may need 
to have their attention called specifically to the basis of organization. 
Otherwise, they will tend to learn the combinations in the tables just 
as they would learn them in random order. 


(2) Use of an incorrect sequence.—Some children noted the pres- 

ence of a sequence in the facts grouped according to their multi- 
plicands, but failed to detect the nature of that sequence. For example, 
with the group of facts for 3’s the responses were: “Two 3’s are 6,” 
“Three 3’s are 7,” “Four 3’s are 8,” and so on. Instead of adding the 
amount of the multiplicand with each new fact, these children 
added 1. 


This “sequence of 1” error was quite common: twenty-one of the 
eighty-six subjects (and so, nearly one fourth) made this error on 
tabular combinations. The extent of this error is indicated in Table 
34, which shows that it was responsible for between three tenths and 
six tenths of all wrong answers for these combinations. It was the 
frequent occurrence of this single error which kept the combinations 
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TABLE 34 
Per Cents oF Error RESULTING FROM UsE oF A SEQUENCE OF 1 


Total Number Number of Per Cents of 


of Errors Errors Due Errors Due 
Multiplication Fact on Combination to Sequence to Sequence 
(in tabular form) (N=86) of 1 of 1 
Bive:2's mk, cere ee 16 5 Saw 
Sixi2igt eas atop eame enters 31 15 48.3 
Seven! 2:85.05; tome mo sniayaae 40 20 50.0 
Bi gshti2ishcwe saute tte 35 18 51.4 
INinej2's siya eee riers 38 21 5552. 
MiOniDis eek a siaeie-cne eras 37 21 56.8 
WDnreers ise. san tian te sere 10 6 60.0 
Rour siske-no ctor acre 28 12 42.8 
Bivel3is.sth, suisse cee 46 18 39a 


in tabular form from enjoying consistent advantage over the mixed 
combinations in the group test. 

The “sequence of 1” error is an interesting one. Its users clearly 
discriminated between the new form of the combinations and the 
forms in which addition and subtraction combinations are written; 
and so, they did not add the factors or subtract one from the other. 
Moreover, they recognized the existence of some kind of sequential 
organization; but, through inadequate analysis, they misinterpreted 
its character and perhaps reverted to the familiar practice of adding 
1 each time, as in counting by 1’s. In fact, in many cases the recogni- 
tion of sequence was so strong as to lead to errors on grouped com- 
binations which had been correctly answered in the mixed or isolated 
form. It is not claiming too much to insist that this independent dis- 
covery of the fact of sequence, even of a wrong sequence, is really 
evidence that these particular children were ready for the multiplica- 
tion combinations. 

(3) Order of factors —Other investigators have called attention 
to the fact that one source of difficulty in the combinations may be 
that of the order of the factors—whether the first factor is larger or 
smaller than the second. -(See-p.-34,-above:)— The evidence on this 
point has not always been consistent, but it has all been obtained from 
children after they have been taught the combinations. The incon- 
sistency in the research findings may well be associated with differ- 
ences in instructional practices. For children who have been taught 
(or have themselves discovered) the principle of reversals, it should 
make little diffétence whether the multiplier is larger than the multi- 
plicand or vice versa. 
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In the present study, which employed as subjects children who 
had not yet been taught the combinations, the relative magnitude of 
multiplier and multiplicand was an important condition of error or 
difficulty. According to Table 35, in every one of the seven pairs of 


TABLE 35 
CoMPARISON OF PER CENTS oF ACCURACY FOR DIRECT AND REVERSE Facts 


Per Cents of Accuracy* 
Combinations, in Direct Order 


Direct Order Reverse Order 
Ewos' see ee oS "hh en dite de at CRP AE Oe ae 98.2 81.2 
Thay Oh he ee eee eye ee 97.1 56.3 
MGS CONS se ee gs esi SS wee 95.8 90.1 
igs Cae A ne ae 80.2 70.3 
SITET S Geet oc herd Soc ea loniecit 90.6 54.0 
ROP Sete eens hai a etlche ahevers artes 5 90.7 88.3 
Ph reesl Oise eee ss Sores oats is em 86.5 34.8 


*Averages or tabular and isolated presentations. 


facts which were presented in both direct and reverse forms in the 
group test the per cents of accuracy are higher when the multiplier is 
smaller. In other words, the number of times a certain unit is to be 
dealt with contributed more to difficulty than did the absolute size of 
that unit. The fact that these children did not discover for themselves 
the principle of reversals (namely, that the order of factors does not 
affect the product) implies that specific instruction is needed at this 
point. 

(4) Addition of multiplier and multiplication—As has already 
been noted, twelve children consistently added the factors in the com- 
binations ; e.g., “Three 2’s are 5,” “Four 2’s are 6,” etc. This error 
completely disappeared when the combinations were presented orally 
to these children in the interviews. On this account the error has 
been attributed to the written form of the combinations, rather than 
to lack of readiness for multiplication as such; and the children who 
made this error have been omitted from all tabulations except that in 
Table 32. 

(5) Size of product.—It has been suggested many times (see p. 
34, above) that size of product is directly related to the relative 
difficulty of combinations, in such a way that more errors are made 
when products are large than when they are small. In a real sense, 
this observation, if valid, is significant for the problem of readiness 
for the combinations. It is not impossible that children are ready to 
learn combinations with small products before they are ready for 
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combinations with large products. If so, it is inaccurate to speak of 
children’s being ready or not ready “for the combinations,” in an 
all-or-none sense. Rather, it may be necessary to think of them as 
being ready for these, but not for those, combinations. 


In the case of the combination “three 2’s,’”’ an answer of “5” is 
one thing, and an answer of “69” is something else again. The answer 
“5” betokens a familiarity with the relative size of numbers and with 
what multiplication does to factors which is quite lacking in the 
answer “69.” Recognition of such facts as the foregoing led to a 
somewhat unusual method of analyzing incorrect answers on the 
group tests. The disparities between written products and true 
products were expressed in terms of percentage, in order to preserve 
measures of their “reasonableness.” A sample of the table of values 
used in the tabulation follows: 


True Per Cents by Which the Given Written Answers 
Product Deviated from the True Products 
15 30 50 Over 50 
ON acer maeae 5:7 4:8 3:9 2:10 
OMAR See 8:12 713 E15 4:16 
15 nema PAs crete tenet te 1Sil7, 10:20 8:23 7:26 
D0 rea ere eee 7:23 14:26 10 :30 9 :34 


For two 3’s and for three 2’s, answers of “5” and “7” deviate ap- 
proximately 15 per cent from the true answer 6, while answers of 
“4” and “8” deviate approximately 30 per cent, and so on. The 
arbitrariness of the limits set is obvious, as are also the resulting in- 
accuracies. Nevertheless, the procedure is sufficiently refined for the 
purpose at hand, which is to note the relation of size of product both 
to frequency of error and to amount of that error. 


The data yielded by this analysis are assembled in Table 36. No 
errors at all were made when the product was 2 (the combination 
two 1’s occurred but once for each of the 86 subjects). The product 
4 should have been written 172 times, once each by the 86 subjects 
for the mixed and for the tabular forms of two 2’s. One error ap- 
peared on the test papers, and this deviated from the true answer 4 
by 50 per cent. 

The first fact revealed by the tabulation is that the number of 
errors increased with size of product. For products of 9 and less the 
per cent of error was 8.9 (99 + 1118); for products 12 to 18 in- 
clusive, 29.6; and for the four products in the last group, 21.3. (The 
figure for the last group is somewhat out of line, but the discrepancy 
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TABLE 36 
RELATION OF ERrRorS TO SIZE OF PRODUCT 


Numéer of Number of Errors Deviating 
Product* —§ |, SJ cae _cmoe-_—Re—— 
Occurrences| Errors 15% 30% 50% Over 50% 
DER Pepitisie: 86 0 S 
tO SOOT 172 1 ar 1 
Grete rock: 344 36 4 6 23 3 
Sian eee 344 23 4 9 6 4 
Reet cise 172 39 4 35 
Motalenes. 1,118 99 12 50 30 ef 
Dance ctevsverest: 430 118 57 25 28 8 
Ae mick3 aA 86 37 25 8 3 1 
ORR ae cee 344 87 30 39 7 11 
NOM ecto: 172 55 23 15 14 3 
Smee S 86 34 19 11 + 
Ukidouce 1,118 331 154 98 56 23 
DOME shee 344 69 19 23 18 9 
SOME Cees 344 100 37 10 32 21 
ZN) hy erent ey Caen 86 5 1 + 
SOM actress 172 27 6 3 9 9 
Motalevrier 946 201 63 36 63 39 
Grand Totals 3,182 631 229 184 149 69 
Per cent of 
MotaliPrrors| acnen Sot 36 29 24 11 





*The figures for the product 10, omitted here to separate more widely the first two groups of factors, 
are, from left to right as above: 258, 19, 11, 2, 4, 2. 


is of little importance, since most of the combinations in this group 
involve 10 as multiplier or multiplicand. ) 
The second fact is that the errors deviated less with the smaller 
products. For the first group, 3.3 per cent of the errors deviated by 
_50 per cent or more, while the corresponding per cents for the last 
two goups are 7.1 and 50.8, respectively. Some of the significance of 
this conclusion is lost because the possibilities of error by underesti- 
mation are far fewer with the smaller products than with the larger. 
Nevertheless, the probability remains that the children’s greater 
familiarity with the smaller numbers—their greater understanding of 
these numbers—tended to protect them from gross errors. The im- 
plication for teaching the combinations is clear: at the start of in- 
struction children are readier for combinations with small products 
than for combinations with large products. 


Personal Interviews: Purpose, Materials, Procedure 
If we are to know how children learn the multiplication combina- 
tions, we must know how they think of them and how they arrive at 
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their answers. This point of view has been steadily emphasized 
throughout this monograph, and the value of data on children’s 
processes has been amply demonstrated in Part II. In the investiga- 
tion now being described, data on the subjects’ processes were 
obtained by individual interviews held with eighty-five of the ninety- 
six children. 

The test used in the interview included fifteen examples, arranged 
in the following order : 


Concrete forms (presented on cards) : 


IB a eal IIIB eee $4 [s+ $4 s4| IVB a $5 3 
‘: ne Jes ts a 


Abstract forms (presented orally) : 


Two 2’s = Two 4’s = Four Zs) 

Three 3’s = Three 5S’s = 

As soon as a card with a concrete form was presented, these ques- 
tions were asked: 

(1) How many dots (or dollars) are on this card? 


(2) What did you do (think) to find out? 
(3) What other ways could you find out? 


The abstract combinations were presented orally; for example, 
for the first the question, “How many are two 2’s?” was asked, fol- 
lowed by questions (2) and (3) above. 

For each combination, whether presented concretely by card or 
orally, the child’s answers were recorded on an Interview Blank. The 
records then were used in the tabulations about to be reported. Only 
the responses to question (2) are considered here, those for questions 
(1) and (3) being omitted for several reasons. In the first place, it 
was immaterial to the present purpose whether the subjects obtained 
correct answers for the combinations (as a matter of fact, most 
answers were correct), for data with respect to accuracy of response 
had been secured on the group tests. In the second place, the answers 
to question (2) contained precisely the information the interviews 
were set up to secure. In the third place, the answers to question (3) 
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revealed principally that the children were familiar with a number of 
immature processes, such as counting by 1’s, which however they had 
already replaced with more mature procedures. 


Types of Process Employed 


The processes which the children used to obtain their numerical 
answers (i.e., the processes which the children said they used or 
which they were observed to use in case explanations were incom- 
plete) were classified according to twelve categories. The categories 
and the symbols used to represent them are given below, each with 
an illustration; but there are so many and the code letters are so am- 
biguous that the reader may experience some difficulty in remember- 
ing them. It may help to know the general rationale of the symbols. 

It is obvious that the children could deal either with the basic 
groups (such as $4 in Card IIIA or .-. in Card IC), or with smaller 
groups, subgroups larger than 1, within the basic group. The letter 
B in the code symbols stands for “basic group,” and the letter S for 
“subgroup.” But the basic group could be responded to in various 
ways. For example, some multiple of the basic group might be used 
and supplemented in some way or other. The symbol Bn stands for 
this sort of practice, so far as the unit is concerned. Or, a single basic 
unit might be supplemented in some way. A basic unit so used has 
the symbol B,. 

So much for the units which were used to obtain answers; next 
comes the question of what was done with them. They might be used 
in multiplication (M) or in addition (A), or be immediately recog- 
nized (R), or be counted (C). Somewhat similar procedures could 
be employed with subgroups (S) or with a multiple of the basic unit 
(Bn) or with a single basic unit (B,). Hence, the letters M, A, and 
C will be found associated with these symbols as well as with B. 

Card IIC (:: :: ::) and the abstract combination two 5’s are 
used in the following illustrations of processes: 


1. Recognition and Use of Successive Basic Groups or Multiplicands 
(B) 
BR—Immediate recognition of the total product 
Card IIC—Saying “12” immediately. (“Just knew it,” or “Just 
saw it.”) 
Two 5’s—Saying “10” immediately 
BA—Adiditive use of basic group 
Card I1C—Saying, “4 and 4 are 8, and 4 more are 12.” 
Two 5’s—Saying, “5 and 5 are 10.” 
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BC—Counting in terms of basic group 
Card I1C—Saying ‘‘4, 8, 12.” 
Two 5’s—Saying “Two 5’s are 10.” 


2. Supplementation of a Multiple of the Basic Group (By) 
ByA—By addition (used with only three of the basic groups) 
Card I1C—Saying, “8 and 4 are 12.” 
B,C—By counting (used with only three of the basic groups) 
Card I1C—Saying “8, 9, 10, 11, 12.” 


3. Use of Subgroups (S) (Used only with concrete groups, cards) 
SA—Additive use of equal subgroups 
Card I1C—Saying, ‘2 and 2 are 4; and 2 and 2 are 4; that 
makes 8; 2 more makes 10, and 2 more makes 12.” 
SM—Multiplicative use of equal subgroups 
Card I1C—Saying, “Six 2’s are 12.” 
SC—Counting in terms of equal subgroups 
Card IIC—Saying, “2, 4, 6, 8, 10, 12.” 
SyA—Additive use of unequal subgroups 
Card I1C—Saying, “7 and 5 are 12.” 


4. Supplementation of a Single Basic Group (B:) 
B:iC—By counting 
Card I1C—Saying, “4, 5, 6, 7, 8, 9, 10, 11, 12.” 
Two 5’s—Saying, “5, 6, 7, 8, 9, 10.” 
Bi:A—By addition 
Card I1C—Saying, “4 and 2 are 6, and 2 are 8, and 4 are 12.” 
Two 5’s—Saying, “5 and 2 are 7, and 3 makes 10.” 





Interview Findings 


Extent of use of processes.—The principal conclusion to be drawn 
from the interview data has to do with the relative use made of the 
various processes, and, more especially, with the extent to which 
multiplication processes were used. The facts are assembled in Table 
37. Let the reader bear in mind that the symbol B stands for basic 
groups used repeatedly, Bn for some multiple of the basic group, B, 
for a single basic group, S for subgroups, A for addition, C for 
counting, M for multiplication, and R for immediate recognition. 


Of the twelve processes, those designated as BC, BM, BnA, ByC, 
and SM clearly involve understanding and use of multiplication. To 
these processes should be added BR (immediate recognition of the 
total) which was found to predominate when only one basic group 
was presented on a card. These six processes were responsible for 
833, or 65.3 per cent, of the 1,275 responses in the interviews. In 
other words, nearly two thirds of the combinations presented were 
solved by processes closely allied to multiplication. This finding testi- 
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TABLE 37 


PERCENTAGE CLASSIFICATION OF Processes UsEp By EIGHTY-FIVE SUBJECTS IN 
INTERVIEWS 


Per Cents of Responses According to Process Used 

















Interview SS SS SS SSS SS SSS S| aS 
Item | BR*| BA | BC* BM*|Bnd*|BrC* SA | SM | SC | Sud | BiC | Bid 
Card IA..|85.0 | 0.0 | 0.0 | 0.0 | 0.0 | 0.0 | 0.0 | 0.0 | 3.5 {10.6 | 0.0} 1.2 
MBAS Sel |p4 2 18000 000-0) 18020)1 2-4 10.0) | 274 2. 0-0)) 2.4 
RGM PZT Aal Se On| L422 oon S76. ese on OF0)|KOL O47) 0201102011020 
ITA. ./51.9 | 0.0 | 0.0 | 0.0 | 0.0 | 0.0 |35.4 | 2.4 |10.6 | 0.0 | 0.0 | 0.0 
UB Ee 4ei79|50)701 0501 13i7,.811).0.0))|) 00) 2.491)) OF 0) F315) 110.0) O20) ) 152 
CRE lease oe On 20st 88.98 13200) 2-4 |020)65-9) 0080. 0N 325 
PUVA e325) 16l.4, |) 12 133.0%) O20) |) (020) 020) | 0.0!) 15271100) 0.0) 020 
HUBS Oe eSeSnl SS Sion SiG) leoeo) | Le2e(hO.ON 12 eos 2a) de 
IVA..} 3.5 |57.8 {10.6 |26.0 | 0.0 | 0.0 | 0.0 | 0.0 | 2.4 | 0.0 | 0.0 | 0.0 
UVB le2s (E18) 5.3) |Sl-9) |36.61\ 1-2) 10-0) 0.0) 0.0) 0.0), 2.40.0 
Two 2’s. .|30.7 |43.7 | 5.9 18.9 | 0.0 | 0.0 | 0.0 | 0.0 | 0.0 | 1.2 | 0.0 | 0.0 
Three 3’s.} 2.4 |16.5 {11.8 |18.9 |41.3 | 3.5 | 0.0 | 0.0 | 2.4 | 2.4 | 1.2 | 0.0 
worsen ||tGeo SS los Si| ley elt 2 13020) 10-08 150205 0224511251 020) 0:0 
ilticelssa| oases 5a Loon 2830S 7e8n lan OLONMOFO! |e 1.20!) a2s|) 122) 1020 
Four 2’s..| 4.7 |16.5 |26.0 |26.0 |17.7 | 0.0 | 0.0 | 0.0 | 2.4 | 7.1 | 0.0 | 0.0 
Averateral 449s 2On ON nO om| Zona lOsOnl lone On |kOn2 |e 2.9 ke? (O41 O26 








*Processes using the multiplication processes. 


flies convincingly to the readiness of these subjects for systematic 
instruction on the combinations. 

Effect of form of presentation—That these subjects had pro- 
gressed a considerable distance toward abstractness in their thinking 
of the numbers represented in the combinations is revealed by another 
tabulation (Table 38). It made little difference to these children 
whether the numbers were presented as digits, as grouped dots, or as 
digits in association with the dollar sign. Six comparisons are pos- 
sible within the interview data, and the largest difference in per cent 
of responses involving multiplication processes is about 10 points 
(for Card IC, .:. .:. .*., and the abstract combination three 3’s). 

Effect of number of groups (size of multiplier) —A very strik- 
ing difference is found in the number of responses involving multipli- 
cation when the combinations contained two as compared with three 
basic groups. From the data in Table 39 it is evident that when three 
basic groups were used, approximately twice as many processes made 
use of multiplication as when but two such groups were presented. 
In the latter case these subjects tended to add. 

This difference in process is understandable. The multiplication 
process is noticeably superior to addition only when at least three 
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TABLE 38 


RELATIVE EXTENT TO WHICH THE MULTIPLICATION Process Is Usep WHEN 
THE Facrs APPEAR IN DIFFERENT Forms 








Per Cents of Responses 
Form of Presentation Involving Multiplication 
Process 





Dots versus Dollars: 


Card IB: (isc) she) hee seems eae eel eae 42.5 
Card IIIA (64 BA) ok dcx atk che dhe Ret oe RS ae ee Siae 
Card ll Gi (ire itith iere)intie cht eae yeni Cries eyos| 
Card TIVBi(S45$4554))n0. Meee naan ie 87.4 
Dots versus Abstract Digits: 
Cardi Giese Weiler. ne satin meee eee eee 87.4 
Whreei Sis tetpccthieh c sSy elt no eee oo ee Tlie9: 
Cardi (nes) isectn fos coe Oe a 42.5 
TWOAS Hee e i santos sfsis areccreiadenpnetsietoteariee alton 43.7 
Dollars versus Abstract Digits: 
Card TANG 4 $4) hee eree nd Me Mactan see oe 37a 
TWO VAIS stele aeistc ens eit ete meen eet ae Pe eee 43.7 
Card VIB NSS) $5535) ie comrtet ert rare 86.2 
hee. 53S: as ep anices hae eae Na Re Oe ee IE 932 
TABLE 39 


RELATIVE ExTENT TO WHICH THE MULTIPLICATION Process Was USED FOR 
CoMBINATIONS INVoLvING Two AND THREE Basic Groups 


Per Cents of Responses 


Card, and Combination Involving Multiplication 
Process 
Card PBSC cc.) eriedioaecscits sere srenine eieto moerstere Oren aoe ee teres 38.9 
Card (sass fe aicctthen caice eee ees Me ORME ee area 87.4 
Card: TUB (2S eyee anh asco ces ce ee aoe tet on ere tins 42.5 
Card TG \(sisctistns) anata seine sre atevoend ep eee oe: 79.1 
Card TIA. ($4/S4) 2 eae ah toe cee ce etee aes Je Dates herons Sia 
Card TITB (S4:34°$4) 04 nccchnnncsm.. poser eer 87.4 
Cards TVAN(SS ISS) shee cae the cteterete ches oie tere Geer terete eter 40.1 
Cardi IV.B ($5: $5.35) ) ogee cecns tar eee CE eee ee 86.2 


equal groups are involved. This amounts to saying that it is about 
as easy and quick to think “2 and 2 are 4” as it is to think “two 2’s 
are 4.” For this reason the ability of children to recognize the need 
for multiplication and to use the process effectively is better revealed 
by their reactions to three or more equal groups than by their reac- 
tions to two such groups. So far as the experimental subjects are 
concerned, it should be noted that over four fifths of the responses to 
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three groups of 2’s, 3’s, 4’s, and 5’s made use of basic multiplication 
concepts and skills. This is but further evidence that these children 
were ready for instruction on the combinations. 


Summary of the Investigation 


1. A large group of children who were entering the second half 
of the third grade and who had had no instruction in multiplication 
were highly successful in responding to a group test containing forty 
multiplication combinations. The average score of the eighty-six 
children tested represented 78.8 per cent of the highest possible score. 

2. Analyses of the errors on the group test revealed that : 


a. For children who recognize the kind of sequence present in 
tables (each successive combination having a total larger by the 
amount of the multiplicand than the preceding combination), com- 
binations produce a higher per cent of accuracy when grouped in 
tables than when presented in random order. 

b. Not all children make this generalization themselves. Approx- 
imately one fourth of the subjects realized that some sort of sequence 
characterized the facts in tabular form, but failed to grasp the nature 
of that sequence. These children added 1 instead of the amount of 
the multiplicand to successive products. This response may have re- 
sulted from transfer in counting by 1’s; or it may have been pro- 
duced by some generalization, such as: since one unit is added to the 
first figure (multiplier) each time, one unit should be added to the 
product as well. 

c. The direct form of stating the combinations (with the smaller 
number as multiplier) resulted in higher per cents of accuracy than 
did the reverse form. This observation rests upon comparisons for 
seven pairs of combinations. The generalization concerning reversals 
is apparently not readily hit upon without specific guidance and 
should be made the subject of direct instruction. That the gen- 
eralization is not easy to discover is understood, if one compares the 
two concrete presentations below : 


twWOpoiSe—sOne a o> three 2’s = 6 


The concrete forms do not look alike; the separate units have to be 
combined in different arrangements. 

d. The size of the product affected accuracy of response. More 
errors were made with large products than with small, and the size 
of the error (its deviation from the true product) was greater with 
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large products. Still, only a few more than a third of all errors 
deviated from the true products by as much as 15 per cent and about 
two thirds deviated by 30 per cent or less. These facts, together 
with those presented above, warrant the conclusion that these sub- 
jects were ready for the multiplication combinations. 

3. The personal interviews disclosed the processes used by the 
children to find answers for fifteen combinations which were pre- 
sented by means of abstract numbers, dollar numbers, and grouped 
dots. Of the 1,275 responses, 833 could be unquestionably classified 
as involving an understanding of multiplication and the ability to use 
the process. Four fifths of the processes could be so classified when 
the number of groups (multiplier) was 3 instead of 2. The different 
forms in which the combinations were presented had little effect upon 
the process used, from which fact it may be concluded that most of 
these children were able to approach the study of multiplication on 
an abstract basis. 


CONCLUDING STATEMENT 


The findings in this new study, just summarized, agree with the 
results of earlier investigations in which subjects have been employed 
who had had no instruction in multiplication. There seems to be 
little question on the basis of this evidence that children by the 
middle of Grade III are ready for multiplication combinations, or, 
at least, for some of the multiplication combinations, probably those 
whose products are small. Whether or not this condition of readi- 
ness means that the combinations, all or part of them, should be 
taught in Grade III is another matter. Ability to learn is only one 
of several considerations which determine when a topic should be 
taught.© But this much can be said with considerable certainty: 
postponement of instruction on the combinations to Grade IV or 
later cannot be justified on the ground that children in Grade III are 
incapable of learning them. 


5 Ben A. Sueltz, “Arithmetic Readiness and Curriculum Construction,” 
Mathematics Teacher, XXX (Oct., 1937), 290-292. 


CHAPTER IX 


EVIDENCE ON READINESS FROM LEARNING 
STUDIES 


So far as a survey of research literature reveals, there has been 
but one learning study which was specifically designed as an attack 
upon the problem of readiness for the multiplication combinations. 
This investigation, by the Committee of Seven (24),! is given first 
place in this chapter. The second part of the chapter will be devoted 
to data relating to readiness which are available in other published 
reports and in the investigations described in Part II of this 
monograph. 


THE COMMITTEE OF SEVEN INVESTIGATION? 


The study of readiness for the multiplication combinations is but 
one of several similar studies made on arithmetic topics by the Com- 
mittee of Seven. The reports of results have seldom carried many 
of the details of technique which characterized experimentation on 
specific topics. This is true in the case of the study of readiness for 
the multiplication combinations. It is fair to assume, however, that 
in this instance as in others the Committee’s general plan of inves- 
tigation was followed. 


The Technique Employed 


The Committee first ascertained by circulating questionnaires the 
usual grade placement of a given arithmetic topic (here the multi- 
plication combinations). They next arranged to have the topic taught 
in a number of schools in the usual grade and in the grades immedi- 
ately preceding and following that grade. (In the case of the multi- 
plication combinations these grades were supposedly Grades II, III, 
and IV.) Tests were then administered to the experimental sub- 
jects—an intelligence test to secure measures of MA and a “founda- 

1Such numbers as this refer to the bibliography at the end of Chapter II, 
a aie “committee was composed of seven principals and supervisors in 
several cities of northern Illinois, with Carleton W. Washburne, of Winnetka, 
as chairman. Since the reports of the Committee have usually been made by 
the chairman, the terms “Committee of Seven” and ‘“Washburne” will be 


used interchangeably. The data on the multiplication combinations are con- 
tained in the Committee’s first account of its work, which appeared in 1930. 
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tions test” for each topic. (In the present instance the latter was 
a test on the one hundred addition facts.) The Committee supplied 
to each co-operating school definite directions and materials covering 
content, length of experimental period and daily class, methods of 
teaching, tests, and the like. (In the investigation with which we 
are concerned, the content was the eighty-one combinations without 
O, and the experimental period lasted six weeks, twenty minutes a 
day. The methods of teaching are not described, but they probably 
were largely those of drill.) Tests on the topic were administered 
at intervals during the experimental period, at the conclusion of the 
same, and six weeks later (the retention test). 

In working their data, the Committee first rejected all subjects 
who had failed to make some minimum score on the foundations test. 
(What this minimum score on the addition facts was, we are not told 
specifically. At one place (p. 656) Washburne advises the post- 
ponement of the multiplication combinations to a certain time “even 
in the case of children who make a score of 92 to 100 on the addition 
facts test.” And on page 670, 96 per cent is mentioned as the 
“minimum” score for one standard.) For the subjects who were 
left, a comparison was made between retention test scores and MA’s, 
and the arithmetic topic was assigned to that MA at which for the 
first time about 75 per cent made satisfactory scores (usually 80 
per cent) on the retention test. 


The Committee’s Findings for the Multiplication Combinations 


After rejecting all children who made unsatisfactory scores on the 
test on the addition facts (whatever the criterion was), the Com- 
mittee had left 655 subjects, with MA’s ranging from 7 years 0 
months to 12 years 3 months. The data for these children are pre- 
sented below in a slightly modified form: 


MENTAL AGE 
10-. (8:4. S210: 9:4- 9:8- 10:2- 10:8 11:4- 
9:7 : 11:3 


:0- 7: 
5 8:3 8:9- 9:3 


7 :6- 
ms 79 


7 
7 
Number of 

children ... 10 25 64 111 149 144 101 77 35 11 
Per cent 

making 80 

per cent 

on retention 

Cesta 20 16 34 44 46 44 55 61 69 55 


These data are read as follows: Ten children had MA’s of 7 
years 0 months to 7 years 5 months; of this number, 20 per cent 
made scores of 80 or better on the retention test on the multiplication 
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combinations, this test being given six weeks after the conclusion of 
the experimental period. 

It will be observed that the per cents of children who made 
satisfactory scores on the retention test mounted steadily with MA 
except at three points. The break at MA 7 years 6 months is prob- 
ably spurious and may be attributed to the small samples of subjects. 
The break at the highest MA, where there is an actual drop, is 
referred to by Washburne as “‘a tendency to flatten,’ a phenomenon 
noted by the Committee in their other studies (the data being 
graphed in the form of curves). Washburne notes also the “flat- 
tening” at MA 8 years 4 months, and states (pp. 654-655) : ““Appar- 
ently, therefore, the mental age 8 years 4 months represents a definite 
level of mental growth before which there is rapidly increasing 
capacity to learn and after which the capacity to learn the multipli- 
cation facts increases less rapidly.” When the retention test scores 
were plotted against the final test scores, the unsmoothed curve broke 
also at MA 8 years 4 months, with a second flattening, as before, at 
MA 10 years 2 months. 

Washburne then points out that while children with a mental age 
of 8 years 4 months who know the addition combinations will retain 
90 per cent of what they have learned over a period of six weeks, 
the trouble is that they actually have not much to remember. For 
they learn only forty-two multiplication combinations. He argues, 
next, that postponement to a mental age of 10 years 2 months would 
be much better, for then children will know more of the combinations. 
The Committee in 1930 recognized the need for the multiplication 
combinations in other arithmetic work, and hence hesitated to recom- 
.mend postponement to 10 years 2 months. “This much, at least, can 
be said with certainty: Multiplication facts should not be taught 
below a mental age level of 8 years 4 months, nor to children who 
have not attained virtual mastery of addition facts” (p. 656). In 
the conclusion of the report the Committee gives as the “minimal 
mental-age level” for the multiplication facts “8 yr. 4 mo. or 10 yr. 
2 mo.” The wide discrepancy between the two placements, nearly 
two years, should be noted. 


Later Findings of the Committee of Seven 
In their last report? the Committee present an analysis of test 
data on the multiplication combinations, whether the original data or 


® Carleton Washburne, “The Work of the Committee of Seven on Grade- 
Placement in Arithmetic,” Thirty-eighth Yearbook (National Society for the 
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new data, we do not know for certain. In this report the combina- 
tions are divided into the “easy” facts with products of 20 or less, 
and the “hard” facts with products of more than 20. Two sets of 
curves are presented, one set for the easy facts and another for the 
hard facts. 

The data for the easy facts are plotted in four curves, the base 
line for which is marked off in terms of MA, the vertical axis in 
terms of the per cents of children making 80 per cent on the reten- 
tion test. These data are sampled below: 


Per Cents* Making 80 Per Cent on the 
Retention Test, According to MA 
7:9 8:9 10:3 
(1) “all children making satisfactory 
retention tests scores, regardless 
of their ‘foundations’ and pretest 


SCOLES!” om sae eeie le miane en aeeber 75 80 95 
(2) “all children with adequate 

Poundationsvaserere mee cise 84 88 96 
(3) “all children with low 

pretests Hiro s etree ese 70 75 85 
(4) “all children with adequate founda- 

tions and low pretests” ......... 75 79 88 


* These per cents are estimated from the curves. 


The last form of treatment (4) is the one now used by the Committee 
in recommending placement. (The inclusion of “pretests” in the 
criterion seems to mean that new data were used as the basis for this 
last report unless “‘pretests’” means “foundations tests.” ) 

The Committee’s findings with regard to the hard facts are 
peculiar indeed: the children with “high foundations and high re- 
tention test scores” never learned these facts to satisfy the Com- 
mittee’s criterion for placement. Only about 24 per cent with MA’s 
averaging 7 years 9 months secured scores of 80 per cent on the 
retention test, and this per cent never got higher than 55, even for 
children with MA’s of 10 years 9 months. Fewer than 5 per cent 
of children with “high pretests” attained the Committee’s standard 
of 75 per cent or 80 per cent on the retention test, regardless of MA 
(and the MA’s ran as high as 10 years 9 months)! The Committee 
has nothing to say at this point about the placement of the hard facts. 

Later on (p. 301), Washburne is not so reticent. His conclusions 
are quoted in full: 


The easy multiplication facts can be taught at this level (MA 8 years 
9 months) very effectively. Multiplication facts fall, with few excep- 


Study of Education; Bloomington, Ill.: Public School Publishing Co., 1939), 
pp. 304-305, 310. 
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tions, into two categories, those with products of 20 and less, and those 
with products of more than 20. The former belong definitely at this 
level; the latter about three years later. An exception is 5 x 5, which 
was correctly retained by 89 per cent of children at mental age 8. An 
exception in the other direction is 4 x 3 (with 3 written above the 4). 
This was correctly retained by only 68 per cent of 8-year-olds. In gen- 
eral, however, this is the obvious level for the multiplication facts with 
products of 20 and less, provided children have an adequate foundation 
in the addition facts. 


The Committee’s proposals, if adopted, would keep the easy facts 
about where they now are, late in Grade III, but it would defer the 
hard facts until Grade VI! Extraordinary as is this recommendation, 
even more extraordinary is the method by which Grade VI or MA 
10 years 6 months was chosen for the last of the combinations. The 
Committee had no data for children in this grade, or apparently 
for children in Grade V; and the data for Grade IV children cer- 
tainly warrant no such extrapolation as the Committee undertakes. 


Criticism of the Committee of Seven Standards 


A great deal of space has been given the Committee of Seven 
investigation (or investigations), primarily because the work of the 
Committee has been widely influential in all phases of arithmetic. 
Various members of the Committee, and especially its chairman, 
have propounded the “stepped-up” curriculum with a good deal of 
vigor. Courses of study and textbooks alike reflect acceptance of 
the Committee’s recommendations, and arithmetical concepts and 
skills have been moved higher and higher in the grades. The re- 
search basis for this program of postponement lies almost wholly in 
the investigations of the Committee of Seven; yet, the findings of 
these investigations frequently go counter to those of other research 
which, in the writers’ opinion, has been at least as competently done. 


It is not at all difficult to criticize the experimentation of the 
Committee of Seven as a whole.* As a matter of fact, the Commit- 
tee’s chairman has conceded several experimental weaknesses, weak- 
nesses critical enough, it would seem, to invalidate any research 


“The senior author of this monograph has done so: William A. Brownell, 
“A Critique of the Committee of Seven’s Investigations on the Grade Place- 
ment of Arithmetic Topics,’ Elementary School Journal, XXXVIII (March, 
1938), 495-508. This criticism the chairman has answered: Carleton Wash- 
burne, “Reply to Brownell’s Critique of the Committee of Seven Experiments,” 
Elementary School Journal, XXXIX (Feb., 1939), 417-430. 


134 Learning the Multiplication Combinations 


findings, but weaknesses which to the chairman are apparently 
unimportant.® 

But we are concerned here only with the Committee’s research 
on the multiplication combinations. The following criticisms may 
be offered : 

1. The Committee’s original lower “minimal mental age” of 8 
years 4 months was wholly unjustified in terms of their standard of 
mastery. At this mental age only 44 per cent of the children scored 
80 per cent on the retention test. 

2. The original higher “minimal mental age’ of 10 years 4 
months was likewise unwarranted by the Committee’s data. At this 
mental age only 61 per cent (instead of 75 per cent) of the children 
satisfied the criterion, and children of still higher MA had an even 
poorer record. 

3. In the revised 1939 proposals the Committee’s placement of 
the easy facts at MA 8 years 9 months is wholly arbitrary. True, at 
this age 79 per cent of the children met their criterion, but if other 
criteria had been used (and they might as validly have been used), 
the placement would be much lower. For example, if the initial 
arithmetical measure had been “‘adequate foundations,” the easy facts 
could be assigned to MA 7 years 9 months, or even lower. (No data 
for subjects with lower MA’s are reported.) Moreover, the MA 
standard of 8 years 9 months for the easy facts is five months higher 
than the original (lower) standard for all facts. 

4. The new placement of the hard facts at “about three years 
later” (and so approximately at MA 11 years 9 months) is totally 
without basis in the Committee’s data, as has already been pointed 
out. 

5. The Committee’s subjects revealed an amazing lack of mas- 
tery. An average of forty-two of the eighty-one combinations taught 
in the original study were retained by children with MA’s of 8 
years 4 months; yet all these children (apparently) had good founda- 
tions in the addition combinations. And the failure of any subjects 
regardless of MA to learn and retain more than about the same per 
cent of the hard facts is difficult to explain, except according to the 
hypotheses advanced in the following paragraphs. 

6. The validity of the Committee’s standards rests, among other 
things, upon the validity of their measures of learning or retention. 


5 Carleton Washburne, “The Values, Limitations, and Applications of the 
Findings of the Committee of Seven,” Journal of Educational Research, XX1X 
(May, 1936), 694-707. 
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And in turn the validity of these measures rests in large part upon 
the way in which the tests were given. (The test content was 
obviously valid, consisting as it did of the eighty-one combinations 
which had been taught.) How is the low level of mastery shown 
by the Committee’s subjects to be explained? One hypothesis is that 
the retention test was a speed test, with time limits adjusted so that 
only the fastest children could finish. In this case children of aver- 
age and less than average ability had little opportunity to show what 
they really knew about the combinations. Because of the Commit- 
tee’s technique for determining mental age standards, the low level 
of apparent mastery inevitably raised the standards spuriously high, 
particularly in the case of the hard facts. 

7. The Committee’s standards are valid, if at all, only in schools 
which follow their program of instruction. That is to say, when 
children are to be taught the combinations in six weeks twenty min- 
utes a day and by the Committee’s methods of instruction—under 
these conditions children may be expected to be no readier for the 
combinations than were the Committee’s subjects. Deviations from 
the Committee’s specifications as to number of weeks of teaching, 
number of minutes per day, and methods of teaching—deviations at 
any of these points should make the Committee’s standards inappli- 
cable. At one time (23: 654) the chairman himself conceded that 
the short period of learning may have been prejudicial. It is com- 
mon practice to allow a full school year to elapse between the presen- 
tation of the first combinations and the final mastery of all the 
combinations. The Committee allowed six weeks. 

8. Occasionally stated explicitly and somewhat generally im- 
plicit in the Committee’s reports is a conception of readiness which 
is highly questionable. It is evident that the Committee relies upon 
mere increase in age, the accumulation of birthdays, to produce the 
state of readiness requisite for economical learning. Experience as a 
factor in determining readiness is played down, while “maturation” 
is emphasized. If schools adopt this notion, the results can be 
anticipated: teachers will be content to “wait” for readiness instead 
of taking steps to produce readiness. 

9. These criticisms, admittedly inferential and theoretical in part, 


® Experience and its effects are certainly recognized by the Committee in 
its use of foundations tests; but the Committee says little about the influenc 
of prior experience as a factor in readiness. The criticism offered above is 
therefore directed against the Committee’s rather consistent overemphasis on 
purely physiological “ripening.” 
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are less convincing than is research evidence as a basis for question- 
ing the Committee’s conclusions with respect to readiness. In the 
next section such research evidence is to be assembled, and the whole 
section may therefore be regarded as the ninth argument against the 
validity of the Committee’s findings. 


EVIDENCE FROM OTHER LEARNING STUDIES 


In the long run the best way to find out whether children are 
ready to learn anything in arithmetic or elsewhere, is to teach that 
thing and to observe the results. This is precisely what the Com- 
mittee of Seven did. It is precisely what other investigators also 
have done, but in a different way. As has already been explained, 
none of the research studies to be considered here was specifically 
planned to secure evidence on readiness, but such evidence was 
forthcoming as a by-product. And, in the opinion of the writers, this 
evidence is no less valid than is that of the Committee of Seven. 

Fowlkes (8), using specially prepared printed practice materials 
which permitted each child to detect and correct his errors at once, 
taught the one hundred combinations to thirty-one Grade IIIB chil- 
dren in twenty days. On the end test the average score was 91, 
and three fourths of the subjects wrote correct answers for seventy- 
nine or more of the facts. It is to be noted that the experimental 
period lasted four weeks, two weeks less than that of the Committee 
of Seven, and that one hundred instead of eighty-one combinations 
were taught. Yet Fowlkes’s subjects showed a much higher level 
of achievement than did the Committee of Seven. It is true that 
no retention test was given six weeks later, but it is improbable that 
many of the children would have made retention scores lower than 
80 per cent (the Committee’s original standard), even without the 
advantage that might have accrued, had they had two weeks’ longer 
study. Fowlkes’s subjects seem to have been ready for all the com- 
binations, hard as well as easy, though they were at the time in the 
first term of Grade III. 

Washburne and Vogel (24), in their report on the relative diffi- 
culty of the combinations, mention in passing their success in teach- 
ing the combinations. Their subjects were 244 third-grade children, 
who studied materials devised by Washburne himself and designed 
to foster individual progress. No details of the experiment are avail- 
able, but the average score on the one hundred combinations at the 
conclusion of teaching was almost 98 per cent. Why Washburne 
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chose to disregard evidence which he had collected in 1924 in favor 
of the Committee of Seven data on readiness, it is difficult to 
understand. 

Norem and Knight (14) taught the one hundred combinations to 
twenty-five superior third-grade children in a period of “about two 
or three months.”” While no data relating to final achievement are 
reported, apparently a satisfactory degree of mastery was attained. 
(Admittedly the children in this investigation were an unusually 
bright group. On this account, the significance of this experiment 
for the present purpose must be discounted. ) 

Brueckner (4) has reported data on the achievement of his 125 
subjects, part of them from Grade IIB and the rest from Grade IIIB, 
in learning the facts for 2, for 2’s, for 3, for 3’s, for 4, and for 4’s. 
The experiment ran for three weeks, one week being devoted to each 
two sets of facts (e.g., for 2 and for 2’s). The final test showed 
approximately 98 per cent mastery of these particular facts, and 
comparable achievement for the other sets of facts. Be it noted that 
in the course of their instruction Brueckner’s subjects learned four- 
teen facts which the Committee of Seven would now reserve to 
Grade VI (their products are larger than 20). 

Wheat’s subjects (26) were forty third-grade children who 
studied the thirty-nine supposedly most difficult combinations by 
means of devices which were intended to put meaning into the facts. 
These combinations, all of which would be deferred to Grade VI by 
the Committee of Seven, were learned satisfactorily with an average 
of twenty-one trials per combination. 

The only investigator whose subjects showed relatively low mas- 
tery of the combinations taught were Wheeler’s (27). After six 
weeks of drill these Grade III children could supply answers for 
only half the combinations, on the average, and one quarter knew 
only a third of them. Still, this level of mastery exceeded that of 
the subjects in the original Committee of Seven investigation. 

Certain data from the investigations reported in Part II of this 
monograph are relevant at this point. In the local study (Chapter 
IV ) half of the 124 Grade IIIA children made scores of 64 or higher, 
and three fourths made scores of at least 55. These scores repre- 
sent, respectively, 79 per cent and 69 per cent of the possible score 
of 81. Yet, these children were tested on sixteen combinations which 
they had not been taught. Toward the end of Grade IVB, half the 
117 subjects scored 80 or 81 (perfect) on the group test, and three 
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fourths scored 75 or higher (93 per cent of the possible score). 
These experimental subjects, then, as measured by what they actually 
learned, must have been capable of learning the combinations at the 
time they were taught—and not merely the Committee of Seven’s 
“easy” facts, but all the facts without 0. 

The figures from the extended study (Chapter V) are compa- 
rable. Half the 557 subjects in Grade IIIA scored 68 or higher (84 
per cent of the perfect score), and three fourths scored at least 61 
(75 per cent). In Grade IVB, half of the 613 subjects scored 78, 
79, 80, or 81, and three fourths scored at least 66 (81 per cent of 
perfect). These children too were ready for the combinations." 

One further point should be made with respect to the research 
findings which have just been summarized. It will be recalled that 
the Committee of Seven, in its statistical techniques, rejected all sub- 
jects who made unsatisfactory scores on the foundations test. The 
effect of this practice was to produce a selected sample, one whose 
learning should have been (though it was not) superior to average. 
No such selection took place in any of the other foregoing investi- 
gations, with the possible exception of that by Norem and Knight. 
Instead, the experimental children were typical of their grades. Yet, 
with these unselected subjects almost all investigators have reported 
superior achievement to that of the Committee’s subjects. Here is 
further evidence of something extraordinary in the Committee’s ex- 
perimental situation, something which led to abnormally low achieve- 
ment and hence to abnormally high MA standards for the grade 
placement of the combinations. 


CONCLUDING STATEMENT 
A serious word of caution is necessary in interpreting the re- 
search summarized in this chapter. For all the learning studies 


7 Certain data collected in the local study are relevant to the use of MA 
as a basis for predicting readiness. In Grade IIIA, which is closest to the 
first presentation of multiplication facts, accuracy scores on the group test cor- 
relate .45, .51, and .59, respectively with IQ, MA, and AA (Arithmetic Age, 
as determined from the new Stanford Achievement Test). General arithmetical 
competence correlates with learning slightly higher than does MA, and hence 
would seem to be superior for purposes of prediction. This advantage of 
course rests upon coefficients which are low in predictive value and upon a 
difference which is barely reliable; and the advantage might not have been 
claimed at all, were it not for Curr’s findings in Scottish schools. Working 
with the process of long division, Curr found that MA was predictive of 
learning chiefly because it obscured the effects of IQ and that general arith- 
metical competence is a far better measure of readiness than is MA. William 
Curr, “Placement of Topics in Arithmetic,” Studies in Arithmetic (Scottish 
Council for Research in Education; London: University of London Press, 
1941), II, 183-218. 
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reviewed, the same measure of “learning” or “mastery” has been 
employed, namely, success in stating or writing correct answers for 
the combinations. This is the measure that the Committee of Seven 
adopted, and it seemed both fair and mandatory to use the same 
measure for the other learning studies, since the data from the latter 
were to be compared with the Committee data. 

Persons who have read through the monograph to this point 
understand the inadequacy of correct answers as the sole criterion 
of learning and hence will want to enter objection to its use in de- 
termining readiness for the combinations. In none of the learning 
studies (except those reported in this monograph for the first time) 
have there been presented facts relating to the processes children 
use in securing their answers. When learning is described in terms 
of processes used, the problem of determining readiness is greatly 
complicated. One must then think of readiness, not for the com- 
binations (all, or any part of them), but for this or for that way of 
thinking of particular combinations. To be concrete, one must recog- 
nize that children at some stage in their learning may be ready to 
find the answer for three 6’s by counting, but not by solution, or by 
reversing the factors; or by solution, but not by using meaningfully 
habituated associations. 

This conception of readiness is the one which is required by the 
data on processes presented in Part II, and it is the one which the 
writers propose. A change to this conception would result in the 
banishment of oversimplified notions of “readiness for the combina- 
tions” or of “readiness for these combinations.” Acceptance of this 
conception would mean that we must cease thinking about readiness 
in all-or-none terms and in hard-and-fast categories; but it would 
also mean that teachers would be brought closer to learners and that 
they could then guide learning more intelligently and healthfully. 
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Part IV 


Teaching the Multiplication Combinations 





CHAPTER X 


THEORETICAL AND PRACTICAL SUGGESTIONS 
RELATING TO INSTRUCTION 


The purpose of this monograph is practical. Previously pub- 
lished research has been summarized, and new research (three sep- 
arate studies) was organized, and the results thereof have been 
presented, all in the hope of improving methods of teaching the 
combinations. If at times the practical purpose has been lost to view, 
it has never actually been forgotten by the writers. Not infre- 
quently criticism of research involves abstract and theoretical con- 
siderations in which, seemingly, the classroom, the teacher, and the 
learner have no place. But in the end the theorizing comes back to 
earth, and we have a sounder basis upon which to make changes in 
instructional practice. 

As a ntatter of fact, this chapter, the most “practical” in the 
monograph, begins with theoretical considerations. To a greater 
extent than is always recognized,! the activities of the classroom 
spring from more or less abstract conceptions, even when these con- 
ceptions are not clearly identified and thoroughly verbalized. What 
the teacher does in arranging learning experiences is largely deter- 
mined by his ideas (1) respecting the purposes of arithmetic in the 
elementary curriculum and (2) respecting the nature of the learning 
process, the way in which children realize the purposes of arithmetic. 
Accordingly, the first section of this chapter, “Theoretical Consid- 
‘ erations,” will be devoted to a discussion of these conceptions. The 
second major section will offer specific suggestions for the teaching 
of the combinations, but the “theoretical” section will have laid the 
foundation for these suggestions. Without this foundation the rea- 
sons for the suggestions would not be known, and their worth could 
not be easily appraised. 


THEORETICAL CONSIDERATIONS 


The Purpose of Arithmetic in the Elementary Curriculum 
It is not a mere verbal trick to say that there is no such thing as 
arithmetic. Instead, there are arithmetics, or several kinds of arith- 


*Guy M. Wilson, “What Theory of Arithmetic?” Educational Administra- 
tion and Supervision, XXV (Feb., 1939), 93-97. 
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metic. (1) As viewed by the mathematician, arithmetic is the sci- 
ence of number, and its content is selected without reference to social 
values and purely in terms of systematic mathematics. In teaching, 
emphasis is laid upon mathematical principles and relationships, and 
applications to “practical’’ everyday uses of number are disregarded. 

(2) As viewed by the exponents of social utility, arithmetic is 
something else again. The content is composed of those concepts 
and skills which are essential to practical living. ‘‘Useless” topics, 
that is to say, skills and concepts that cannot be shown to function 
as such in the affairs of everyday life, are rejected, and in the process 
a great many understandings and principles dear to the mathema- 
tician are discafded. In the classroom the attempt is made to imbed 
each new concept or skill in a “natural situation’ and to return the 
concept or skill, once taught, to use in connection with other “natural 
situations.” As a matter of fact, sometimes only the arithmetic which 
occurs in “natural situations” is taught at all; all other arithmetic 
is eliminated as “traditional” and “nonfunctional.” The degree of 
proficiency required with respect to the retained skills varies from 
school to school. Obviously, the activities of teachers and pupils 
alike will be quite different under conception (2) and under con- 
ception (1). 

(3) A third kind of arithmetic may be called “textbook arith- 
metic.” The content is whatever appears in the textbook; and 
teaching consists in seeing that children master that content by 
whatever amounts of drill are necessary. The net product is cer- 
tainly not mathematical insight; nor is it insight into the quantitative 
aspects of our culture. Rather, it is likely to be a loose, incoherent 
assemblage of numerical tricks which are useful—and then only tem- 
porarily—for finding answers to textbook problems and examples. 

There are other conceptions of arithmetic, but the list will be 
concluded with that to which the writers subscribe: (4) Arithmetic 
is a system of quantitative thinking which we teach to children so 
that they, now as children and later as adults, may live more effi- 
ciently, more richly, more intelligently, and more happily in our 
culture. This conception recognizes both a mathematical and a social 
aim for arithmetic.2 The fundamental reason for teaching arith- 
metic is social, to enable children and adults to live more effectively 

2 A good statement of this conception is found in the following reference: 
R. L. Morton, “Introduction,” Arithmetic in General Education (Sixteenth 


Yearbook of the National Council of Teachers of Mathematics; New York: 
Bureau of Publications, Teachers College, Columbia University, 1941), pp. 1-7. 
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in their environment; but the social aim cannot be achieved unless 
the mathematical aim is achieved as well. Attainment of the mathe- 
matical aim is one guarantee (but only one) that the social aim will 
also be attained. 

This is not the place for an exhaustive comparison of the merits 
of the four conceptions of arithmetic. It must suffice to say: that 
conception (1) offers no assurance that children (and adults) will 
be sensitive to the quantitative aspects of their environment and 
hence will be able to “se the mathematical concepts and skills which 
they learn; that conception (2), by omitting mathematical under- 
standings and relationships which make arithmetic a system of 
quantitative thinking, can scarcely make children (and adults) quan- 
titatively intelligent; at most it can make them efficient in the 
situations in which they have experienced number; and that concep- 
tion (3) defaults on all counts: the products of learning are hardly 
worth the effort necessary to achieve them. 

The conception which is here favored agrees with conception (1) 
that the mathematics of arithmetic is highly important, but disagrees 
with this conception in recognizing that the mathematics taught must 
be functional or useful in situations outside the arithmetic period. 
On the other hand, conception (4) differs from conception (2) in 
giving place to mathematical concepts and skills which, while they 
are not demonstrably “‘practical,’’ are nevertheless essential to a mean- 
ingful grasp upon arithmetic as a system of thinking. The aim of 
conception (4) is to make learners intelligent, and not merely effi- 
cient, in their environment—more intelligent than adults and chil- 
dren now are—to the end that they may live fully in that environ- 
_ ment, more fully than they now do. Those who expound conception 
(4) are not, in other words, content with the present level of arith- 
metical intelligence; on the contrary, they would raise this level by 
many degrees. 

If intelligence in quantitative matters is accepted as an aim for 
the teaching of arithmetic, methods of instruction must be consonant 
with this aim. Concepts and skills which are “learned” unintelli- 
gently are scarcely available for intelligent use. It follows that at all 
stages children must understand what they learn; and this under- 
standing is possible only to the degree that mathematical insight is 
developed. This requirement of instruction is not essential; indeed, 
it is not even important, to advocates of concept (3) and, in large 
degree, to advocates of conception (2). 
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The multiplication combinations as facts are sufficiently crucial 
to arithmetic, however arithmetic is conceived, to be included by all 
students of arithmetic in the subject matter of this area. But, even 
so, the various conceptions of school arithmetic affect considerably 
what will be done about the combinations. According to conception 
(1), the mathematical relationships inherent in the combinations are 
a part of the content, as are also the nature of the operation of mul- 
tiplication and an understanding of the principles according to which 
factors are related and tables are organized. According to conception 
(2), these principles, relationships, and understandings are unim- 
portant: they do not seem to “function” in life, and they may safely 
be disregarded. These understandings, etc., meet a similar fate in 
the hands of exponents of conception (3), but not of conception (4). 
The last-named want the rationale of the multiplication combinations 
fully developed, but they also want learners to appreciate the value 
of what they learn and to have many experiences in using it. 


Conceptions of the Learning Process 


The conception a teacher holds with respect to the purposes of 
arithmetic largely determines how he teaches arithmetic. So does 
his conception of the learning process. Two quite different concep- 
tions of learning are prevalent, and these are stated and compared 
in the following paragraphs.* 

Learning through repetition—What is probably the most popular 
view of learning, if one may judge from classroom practices, relies 
upon repetition for learning. The child is told what to do (but not 
why he does it), and then is given enough experience in doing that 
precise thing to “fix” the idea or skill. In the case of the multipli- 
cation combinations, he is told, for example, that three 6’s are 18, 
and then he is practiced in writing and in saying the formula until 
the response “18” is immediately forthcoming upon the presentation 
of the stimuli (“three 6’s”’). 

? They are disregarded by some writers on arithmetic who insist that they 
want arithmetic to be “meaningful.” What these persons really mean is that 
they want arithmetic to be “significant,” that is, to have social value. See 
B. R. Buckingham, “Significance, Meaning, Insight—These Three,” Mathe- 
matics Teacher, XXXI (Jan., 1938), 24-30. f Ga 

“For a more detailed analysis of these theories, see William A. Brownell, 
“Psychological Considerations in the Learning and the Teaching of Arithmetic,” 
Tenth Yearbook of the National Council of Teachers of Mathematics (New 
York: Bureau of Publications, Teachers College, Columbia University, 1935), 


pp. 1-31. See also by the same author, “Two Kinds of Learning in Arith- 
metic,” Journal of Educational Research, XXI (May, 1938), 656-664. 


Theoretical and Practical Suggestions 147 


Concrete demonstrations are held to a minimum. For the learn- 
er’s “discovery” of the relationship between three 6’s on the one 
hand and 18 on the other hand is substituted the teacher’s or the 
textbook’s authority. From the outset the child is expected to think 
of “three 6’s” precisely as does the adult, save that his thinking must 
be somewhat slower and less certain. The tables may not be taught, 
for if they are taught, the child is apt to solve unfamiliar combinations 
from combinations that are better known. On the contrary, it is felt 
that the combinations should be taught in random order, so that chil- 
dren will master each combination independently of the others and so 
learn precisely and only what they will later use in the way in which 
they will use it.» Roundabout procedures of all kinds are discour- 
aged, for they are “detours” from the straight highway of learning: 
they keep the child from learning what he is supposed to learn, and 
the roundabout procedures may never be superseded by the automatic 
recall of combination answers. Teaching becomes the administration 
of drill, and learning consists in doing the same thing over and over 
and over again. 

It may be argued that the foregoing statement is an exaggeration, 
that no one who relies upon repetition for learning is so extreme. 
The charge is admitted; the statement is an exaggeration, but only a 
slight exaggeration, as witness the following quotation from Wheeler 
74) is 

A child learns the multiplication facts solely to facilitate computation, 
and the ease of computation depends entirely upon the degree of mastery 
in terms of correct automatic response. The aim is to teach for one 
hundred per cent automatization of the number facts. Present methods 
of presenting the combinations increase rather than decrease the learning 

difficulties ; they are logical but not psychological in approach. By intro- 
ducing each multiplication fact by means of a concrete situation ex- 
plained by additive counting (3 + 3 + 3 = 9), the association of adding 
is emphasized and suggests a “crutch” which children readily employ... . 
Associating the process of multiplication with addition suggests a count- 
ing-up the answer. It is too much to expect that a child, introduced to a 
combination through addition, will not use this method in computing an 
answer. In multiplication as well as in the other arithmetic processes 
some children develop an amazing skill in the use of “crutches.” While 
this procedure makes learning the combinations very easy and may speed 
up initial learning, it hinders development of the rapid automatic response 


° This view of the learning process is especially well adapted to conception 
(3) above with regard to the purpose of arithmetic in the elementary cur- 
riculum. It is also evidently the view of learning which is accepted by many 
exponents of conception (2). 
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which is so essential for satisfactory progress with the larger combina- 
tions, with subsequent arithmetic processes, and for practical use in life. 
It is questionable whether introducing multiplication by additive concepts 
is any improvement over teaching by “tables”; both serve as aids in initial 
learning which have to be torn down and replaced by memorization be- 
fore rapid and quick responses are possible. The basic psychological 
principles of learning are the same for all subjects, yet, while the alpha- 
bet method of teaching (202) reading is condemned, the same educators 
advocate a similar inductive method of teaching arithmetic. . 

Learning the number combinations should be considered as a task of 
memorization, and the psychological principles for economy in memoriz- 
ing should be applied even during initial instruction. Memorizing the 
combinations without the encumbrances of counting-up or adding may be 
a slower process in learning the easier combinations, but in the end it will 
mean a useful and immediate command of all the combinations. The time 
to present concepts of adding in multiplication is after the facts have been 
memorized, never before (203). 


Learning through understanding.—Directly opposed to this view 
of the learning process is a second view which is here called “learn- 
ing through understanding” in order to emphasize points of dif- 
ference. At one point the two views are in agreement: both views 
anticipate that the learner should be able promptly and invariably to 
supply the correct products for the combinations. Those who rely 
upon repetition would have this automatization established at once, 
and to them this is the sole end-product of learning. To those who 
stress understanding in learning, this end-product comes late, and it 
is but one of the outcomes which are sought in the case of the combi- 
nations. And the two groups of theorists differ completely as to the 
way in which this one end-product is achieved. What is “economical” 
learning to “repetition’’ theorists is “uneconomical” to “understand- 
ing” theorists, and vice versa. 

It is held by “repetition” theorists that the use of addition, count- 
ing-up, and similar “crutches” makes for easy learning for the first 
combinations taught. How this can be true it is difficult to see. After 

° A number of students of arithmetic, among them competent psychologists 
as well as educators, hold to this second view with varying degrees of exacti- 
tude. Among these may be mentioned the familiar names: Bond, Buckingham, 
Buswell, McConnell, Morton, Sueltz, Thiele, and Wheat. For a fuller develop- 
ment of this view the reader is referred to their writings (particularly to T. R. 
McConnell, “Recent Trends in Learning Theory: Their Application to the 
Psychology of Arithmetic,” Arithmetic in General Education, Sixteenth Year- 
book of the National Council of Teachers of Mathematics; New York: Bureau 
of Publications, Teachers College, Columbia University, 1941, Chapter XI). 
Or, a recent monograph by the senior author may be consulted: William A. 


Brownell, Learning as Reorganization (Duke University Research Studies in 
Education, No. 3; Durham, N. C.: Duke University Press, 1939), pp. 69-87. 
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all, nothing is much simpler than the memorization of a few short 
formulas like “‘two 4’s are 8,” “three 5’s are 15,” and the like. On 
the other hand, it takes time to develop the meanings which “‘under- 
standing” theorists insist should be taught before the brief formulas. 
It is difficult also to see how repetition alone can make easy the learn- 
ing of the last twenty or thirty combinations, for by this time the 
learner must be confused and incapable of taking on more such 
“learnings.” 

The source of this confusion is understandable. When combina- 
tions are memorized one after another, there is a progressive loss of 
“individuality” among them. There is, for example, increasing diffi- 
culty in isolating products over the extending scale of values. Thus, 
63, the correct response for one combination, is so close to 64, the 
correct response for another, that the two facts cannot be kept sep- 
arate in thinking. Other distinguishing characteristics disappear. For 
example, certain combinations may be temporarily easy to learn be- 
cause their products for the first time involve the 30’s, but with the 
learning of other combinations with products in the 30’s, this special 
mark of distinction is gone. Again, some combinations, at first easily 
identified by the fact that their products are even numbers, later be- 
come confused with other combinations which have the same char- 
acteristic. Under conditions of purely repetitive learning, then, the 
learner tends to practice wrong responses, to give products which are 
correct for certain combinations but not for those being practiced. 
And this tendency is enhanced, as more and more combinations are 
memorized. On the other hand, when provided with aids for under- 
standing, the learner fits the last combinations into an orderly series 
which is held together by interrelationships. 

The fact of the matter is that children who are taught by “repeti- 
tion” or drill, do not learn by “repetition.” How are “repetition” 
theorists to explain the data presented in Part II of this monograph? 
Practically all the experimental subjects were taught the combina- 
tions by methods which correspond closely to those of drill. Yet, as 
was amply demonstrated, these children exhibited, to use Wheeler’s 
term, an “amazing” proclivity to think of the combinations in terms 
other than those of the simple, brief formulas which they had been 
taught. Where did they get them ?? From their teachers? But almost 

7 And where did Wheeler’s subjects get them? For almost certainly his 
subjects used “crutches” and roundabout procedures. Under very comparable 


circumstances, among children whose instruction was purely that of drill, im- 
mature procedures were about as prevalent as among children who were taught 
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without exception the experimental teachers expressed surprise when 
shown the results of the interviews. Did the experimental children 
get them from other children? If so, where did they get them? 

The explanation of immature thought processes under conditions 
of drill is not at all difficult to “understanding” theorists. Indeed, 
the use of such procedures would be expected even though energy 
were expended to forestall them. Neither children nor adults for long 
take kindly to brute memorization. When presented with disordered 
arrays of independent items, they adopt some means of ‘putting sense” 
into them. That is what children do when under conditions of drill 
they are required to master the multiplication combinations; and the 
immature procedures which they hit upon now and then are the 
means they have to relate and hold together the accumulating body 
of items to be learned. It is futile by prescribing more and more drill 
(repetition) to prevent the appearance of such procedures, just as it 
is futile to try to remove them later by more and more drill.8 Chil- 
dren employ these procedures because they need them. 

“Repetition” theorists are of course correct in holding that “the 
basic psychological principles of learning are the same for all sub- 
jects” —for the multiplication combinations as for all other topics in 
arithmetic. But this statement is likely to be misleading unless one 
keeps clearly in mind the function of principles. The “basic psycho- 
logical principles” are intended to describe or explain what happens 
when one learns. It is one thing to say, “Whatever one learns, he 
learns according to the same psychological principles.” It is quite 
another thing to say, “Whatever one learns, he learns in precisely the 
same way,” that is, by engaging in the same behavior or by using the 
same process. The first statement is correct; otherwise, we do not 
have the basic psychological principles of explanation. The second 
statement is wholly incorrect, for as a matter of ordinary observation, 


meaningfully. [T. R. McConnell, “Discovery vs. Authoritative Identification 
in the Learning of Children,” Studies in the Psychology of Learning, II, 
Studies in Education, Vol. IX, No. 5 (Educational Psychology Series, No. 2) ; 
Iowa City, Iowa: The State University of Iowa, 1934, pp. 13-62.] While 
Wheeler does not seem to have interviewed his subjects systematically, his 
statement that “children develop an amazing skill in the use of ‘crutches’” is 
highly significant; and it warrants the inference that in spite of every effort 
to prevent immature procedures on the part of his subjects he was unsuccessful 
—to his “amazement.” 

® The effect of drill in the latter connection has been the subject of research. 
Drill merely causes children to become more proficient in the use of whatever 
process is employed at the start of drill. William A. Brownell and Charlotte 
Chazal, “The Effects of Premature Drill in Third-Grade Arithmetic,” Journal 
of Educational Research, XXIX (September, 1935), 17-28. 
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we do not behave alike with respect to all kinds of learning tasks ; ‘nv. 
do different persons behave alike in learning what is apparently the 
same thing. 

In the case of meaningful learning, Gates has expressed the idea 
neatly and completely: “. . . great difficulty has come from the no- 
tion, often accepted in practice if not in thought, that a fact is a fact, 
and it will function without regard to the way im which it ts ac- 
quired.”® Concretely, a grammatical rule may be memorized without 
understanding, or it may be first developed inductively and then mas- 
tered. And it makes a great deal of difference which way the rule is 
learned. When memorized without understanding, the rule will have 
little effect upon the learner’s usage; when learned on a meaningful 
basis, some effect may reasonably be expected ; hence, Gates’s vigor- 
ous emphasis upon the importance of the way in which learning is 
conducted. There are, then, differences in the process of learning. 

Gates rightly stresses the significance of these differences at the 
same time that he argues: “To explain the whole process of develop- 
ing information and insight or perceiving facts of any kind requires 
no other fundamental principles than those we have been illustrating 
all along in connection with typewriting, memorizing, running a maze 
[and] learning a vocabulary.”1° In other words, the explanatory 
principles are identical for all learning. Yet, Gates does not for a 
moment suggest that the process is identical in all learning. On the 
contrary, as the quotation above clearly indicates, learning behavior 
(process) is recognized as varying with the particular task which 
faces the learner, so much so that Gates devotes separate chapters to 
some of the different kinds of learning. 

The crucial error of “repetition” theorists lies precisely at this 
point: they fail to discriminate between the principles of explanation 
in learning and the process of learning, and they suppose that because 
the principles are alike, the process must be the same regardless of 
the learning task. Their next step is to accept as the prototype of 
all learning the process of rote learning or memorizing (to which of 
course the explanatory principles apply, as they must to all kinds of 
learning). Now, the learning task to which one responds by rote 

® Arthur I. Gates, Psychology for Students of Education (Revised Edition; 
New York: The Macmillan Co., 1930), pp. 328-329. Obviously “repetition” 
theorists accept this notion both “in thought” and “in practice.” 

1° Ibid., p. 360. Gates’s principles (Readiness, Simultaneous Stimulation, 
and so on) are of course those which are implicit in his psychological system, 


according to which learning consists in the addition, elimination, and organ- 
ization of “connections.” 
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learning has unique characteristics: to the greatest extent possible 
all cues, all relationships, all chances to use effectively the results of 
previous experience are excluded, and the learner is left no alternative 
except to memorize. It is small wonder, then, that under these con- 
ditions the process of learning is seen to be that of memorizing. 

There is little place for rote learning in the school. Now and then 
of course arbitrary associations must be set up between ideas and 
symbols (for example, between the names of letters and the forms in 
which they are written and printed, between number ideas and the 
figures used to stand for them) ; but the occurrence of such learning 
tasks which children meet should regularly “make sense” to them; 
relationships with prior experiences should be readily identifiable, 
and, in a word, their learning should be meaningful. 

According to ‘“‘understanding”’ theorists, the multiplication combi- 
nations call for meaningful learning. Someone has suggested that a 
parrot can be taught to say, “Five 2’s are 10”; but no parrot has 
been found able to use this “knowledge” in an intelligent way. The 
combination five 2’s are 10 is much more than a series of sounds or of 
written words. To know and to be able to use the combination, the 
learner must : 

(1) understand the meanings of the numbers as groups (2, 5, 10); 

(2) know how to deal with successive groups of equal size in order to 
secure totals (the operation of multiplication) ; 

(3) recognize in the form of the statement of the particular combination 
that he is to combine five groups which are equal in size, each made 
up of 2; 

(4) be able to discover in many verbal and concrete situations that this 
relationship (of five 2’s to 10) is involved; 

(5) be able to think the product promptly, confidently, and accurately 
(without recourse to roundabout procedures, “crutches,” or anything 
of the kind). 


The words in which the first four statements are couched— 
“know,” “understand,” “discover,” “recognize,” “meanings’”—these 
very words reveal how much learning in the case of the combinations 
transcends rote learning and how far memorizing falls short of meet- 
ing the needs of the situation. Overconcern with the fifth aspect of 
learning in the series above has blinded “repetition” theorists to the 
existence of the first four aspects. Yet, it is the first four aspects that 
“understanding” theorists emphasize, regarding the fifth as an end 
which is attained late in the course of learning. In the early stages of 
learning, immature processes are accepted, even encouraged, pro- 


” 66 
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vided!! only that they make the learning task sensible to the learner. 
All possible kinds of relationships (as in tables) are furnished—or, 
better, are discovered by the child himself under guidance. Principles 
and generalizations are developed and utilized, all in the hope of aid- 
ing the child to organize the task of learning the combinations. 
Gradually, the child is led to adopt more and more mature procedures 
until finally he achieves the ability to respond quickly, accurately, and 
confidently to the combinations, an ability which “repetition” theorists 
undertake to establish almost at the outset of learning. 

“Understanding” theorists regard the ability to give products 
glibly: as not worth developing; they know the perils of accepting 
facility in language as evidence of sound learning; they are therefore 
ready to wait for such facility until it is supported by a firm basis of 
understanding; and they know that meanings take time for their 
development, time which is filled with an abundance of varied ex- 
periences.12 For them, the teaching of the combinations consists in 
providing these varied experiences and in guiding children as rapidly 
(but only as rapidly) as they can, to adopt more and more effective 
and mature ways of thinking of the combinations. The course of 
learning the combinations then resembles the picture of learning 
which has already been sketched in this monograph from the inter- 
view data collected from experimental subjects (Chapter IV, pp. 
66-83, and Chapter V, pp. 88-93). 


SUGGESTIONS FOR TEACHING THE COMBINATIONS 


The following suggestions for teaching the multiplication combi- 
nations rest upon two notions or assumptions: (1) that arithmetic is 
a system of quantitative thinking which is taught so that children, as 
children and later as adults, may live more efficiently, more fully, 
more intelligently, and more happily in their environment; (2) that 
learning is a process of organizing and reorganizing experience. In 
the case of the multiplication combinations learning starts with rel- 
atively immature and inefficient thought procedures (the only kind 


“This proviso is important. Not all immature processes which children 
hit upon make for meaningful learning. It would be a mistake to encourage 
processes of this last kind. It would be a mistake too to infer that all children 
must adopt and use all possible processes and then abandon them in precisely 
the same order and at the same time in favor of more mature and economical 
processes. 

** A good, readable reference on the psychology of meaning is the chapter 
by T. R. McConnell entitled “The Development of Meanings” in Arthur I. 
Gates, et al., Educational Psychology (New York: The Macmillan Co., 1942), 
chap. xiii. 
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children are then capable of) and proceeds by stages to the final state 
of meaningful and intelligent mastery, but employs at all times ex- 
periences and activities which are sensible to children. In the forego- 
ing section of this chapter these two notions have been elaborated 
and defended. To the extent that these notions are unacceptable to 
the reader, the following practical suggestions will be equally un- 
welcome. As has been repeatedly stated, classroom practices are based 
upon the conception one entertains both with regard to the purposes 
of the subject matter and with regard to the nature of the learning 
process. 


Devices 


(1) The combinations should first be written in form (a), two 
4’s = 8, rather than in form (b), 2 X 4 = 8, or in form (c), X 2. 


Form (a) carries its own meaning, whether read silently or stated 
orally: two groups of 4 each are to be combined, and this is just 
another way of saying the familiar ‘four and four are eight.” When 
forms (b) and (c) are introduced, they should first be read, “two 4’s 
are eight.” The word “times” for “xX” is not meaningful and should 
not be used until longer multiplication examples are taught in which 
the combinations occur. It is easier then to say “three times 426” and 
“forty-five times 93” than it is to say “three 426’s” and “forty-five 
93’s”; but the transition to “times” should be made in this way in 
order to preserve and extend the original meaning. 

(2) The tables should by all means be taught, but they should not 
be available at the outset and should never be “given” to children. 
Objections to the teaching of the tables rest upon the fact that some 
children recite the tables to secure answers for difficult combinations. 
As the data in Chapters IV and V showed, the extent of this practice 
has been exaggerated; but there is still no reason to encourage it. 
The argument for tables is that they help the learner to organize his 
task and they assist in the development of important meanings and 
generalizations. 

When a new table is started, the combinations should first be 
presented in random order, the purpose being to enable children to 
discover the corresponding products (but not then to learn them). 
These preliminary experiences should illustrate again and again the 
nature of the operation of multiplication and should reveal the rela- 
tionships between factors and product. Next, children should assem- 
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ble the combinations in table order, observing how each product is 
increased over the preceding by the amount of the multiplicand (but 
not of the multiplier). Still later, on this meaningful basis children 
should learn the tables, but mixed practice should follow soon so that 
they will acquire mastery over the separate facts. 

(3) Concrete devices should be used as needed, but the need 
should not be great in the middle of the third school year. Carper’s 
data (pp. 123-127, above) show that at this time and prior to in- 
struction on multiplication children readily deal with small numbers 
as abstract groups. For them, an occasional illustration or verification 
of a combination should suffice; such as Ine ie al for three 4’s 
= 12. 

Wheat (26) has recommended the use of concrete groups for the 


harder combinations, but he would have the groups rearranged intc 
units of 10 each. Thus, four 7’s = 28 becomes 





It is improbable that such experiences (they would come generally in 
Grade IV) are necessary as means of discovering and verifying all 
combinations ; and it is also improbable that this device is needed to 
demonstrate further the decimal character of our number system. It 
is true that to secure 28 from four 7’s we destroy the original groups 
and rearrange the objects into two standard units of 10 each, with 8 
_ over. But this fact is implicit in the way in which the product is writ- 
ten: 28 means two 10’s, with 8 over, and this fact needs only to be 
pointed out a few times for it to be understood and appreciated. A 
further objection to Wheat’s device as a learning aid is its cumber- 
someness. Let the reader draw the picture for nine 6’s and alter it to 
show five 10’s, with 4 over. 

(4) There is plenty of room for drill in teaching the combina- 
tions: (a) drill on the abstract formulas as the competent adult uses 
these, and (b) drill on the generalizations and principles which make 
the combinations valid and relate them to each other. The danger in 
connection with (a) especially lies in prescribing drill too soon. Chil- 
dren are not ready for drill until they have a sound basis in under- 
standing and can readily think of the combinations in abstract terms 
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Then drill increases facility of recall and fixes the combinations for 
retention. Introduced too soon, drill on the combinations (if children 
do what they are supposed to do) is subversive, for it leads to a 
substitution of verbal glibness for understanding, and with dire con- 
sequences. On this account, drill of type (b) above should be em- 
ployed liberally before drill of type (a). Children need a good deal of 
experience in recognizing and applying generalizations and principles 
in order to develop the understanding upon which to base automatic 
mastery of the abstract combinations. 


Meanings, Generalizations, Relationships, Principles 


(1) The meaning of multiplication as a process should be taught, 
and taught prior to the teaching of the first combinations and again 
and again along with the teaching of other combinations. Multiplica- 
tion is what we do with numbers when we want to find the total of 
several numbers which are equal in size. It is easier to find the total 
of thirty-six 97’s by multiplication than by addition (which would 
require first the boresome writing of 97 thirty-six times before the 
labor of adding). Multiplication is a special case of addition, a short 
cut which we use in such instances as9 +9+9-+4 9 + Q, but not 
in such instances as3 +64+9+7+ 8. 

It follows that the multiplication combinations can profitably be 
developed through addition. Children readily see, as has already been 
stated, that two 4’s are 8, because this is but a variation of the famil- 
iar 4 + 4 = 8. They can as readily see that four 7’s are 28 by adding 
in the example, 7 + 7 + 7 + 7. The repeated discovery of products 
for new combinations by this device has the effect both of illustrating 
the meaning of multiplication and of proving the validity of products. 
“Repetition” theorists oppose this practice partly because they are not 
concerned about teaching the meaning either of multiplication or of 
the combinations, but more because they fear that children, once they 
have been exposed to the device, will always use it. This objection 
has already received attention. 

(2) The principle governing reversals should be taught. Children 
should understand that the combinations three 4’s and four 3’s have 
the same product, and why this is so. The principle of reversals is 
that the order of the factors in a combination has no effect upon the 
product. But this principle does not mean that three 4’s and four 3’s 
are “the same.” They are not, for in the first the basic group is 4 
and this is taken three times whereas in the second the basic group 
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is 3, which is taken four times. A concrete |(a) $3 $3 38 
representation of the two combinations brings |(b) .*. .*%. 2%. 0%. 
out the difference. The principle needs to be taught because children 
may not discover it for themselves. After all, the pairs of combina- 
tions do not even sound alike, except to the sophisticated ear. 

(3) Two principles help to teach the nineteen combinations in 
which 1 is the multiplier or the multiplicand: (a) When a number is 
multiplied by 1, the product is that number; (b) when 1 is multiplied 
by a number, the product is that number. The facts covered by these 
generalizations are almost self-evident to children, so self-evident 
that there is no need to teach these combinations as such until the 
digit 1 appears as part of a larger multiplier (e.g., 314) or multi- 
plicand (e.g., 17). But though the facts are self-evident, there is 
value in bringing them together under covering statements. 

(4) Similarly, the nineteen combinations with O as multiplier or 
multiplicand may be taught through establishing two principles: (a) 
When a number is multiplied by 0, the product is 0; (b) when 0 is 
multiplied by a number, the product is 0. These generalizations are 
readily intelligible if developed first in the form, two 0’s = 0, three 
O’s = 0, etc.; and no 2’s = 0, no 3’s = 0, and so on. There is little 
point in teaching the facts with O as the multiplicand until two- and 
three-place multiplicands with 0 are used in examples, and in teaching 
the facts with 0 as multiplier until O occurs as part of a two- or three- 
place multiplier. 

(5)18% It helps if children see that all products end in even num- 
bers when the multiplier is 2, 4, 6, or 8. 

(6) It also helps if children realize that any product in which 5 
is a factor must end in 5 or 0. (This relationship is usually a very 
easy one for children, a fact which leads some students of arithmetic 
to suggest that the tables for 5 and for 5’s be taught immediately 
after the tables for 2 and for 2’s.) 

(7) The combinations with 9 as multiplicand have several inter- 
esting aspects: the digits in products always total 9; the first digit in 
products increases by 1, and the second figure decreases by 1 as the 
combinations are arranged in table form. 

But there seem to be few comparable relationships among the 


*8 Paragraphs 5 through 7 deal with number relationships which can scarcely 
be dignified by the term “generalizations,” for they do not contribute much to 
meaning. These relationships call attention to properties of the combinations 
which enable children to discriminate among them, and so to identify them 
for easier learning. 
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majority of the combinations. Thiele (21) mentions the use of “gen- 
eralizations” in teaching all combinations, but illustrates only with 
combinations in which 9 or 5 is a factor. 

(8). Except for the doubles, the multiplication combinations 
should be learned in pairs, e.g., five 8’s = 40, eight 5’s = 40. So 
/ learned, the total number of combinations is, in effect, reduced from 
100 to 55. (The principle of reversals is of course the basis for 
understanding the pairing of facts.) Two cautions should be noted: 
(a) The practice of relating the paired facts should probably be post- 
poned until after the first two or three tables. Premature introduc- 
tion of the principle could overcomplicate the learning task, thus 
obscuring other essential relationships which are more readily grasped 
and which are sufficient in number and difficulty to engage the learn- 
er’s full attention. (b) Care should be exercised to separate the 
paired facts later on for independent mastery. 

(9) The pace of instruction must be adapted to the rate at which 
learning proceeds most effectively and most healthily. Two and more 
decades ago it was not uncommon to teach all the multiplication com- 
binations in a period of a few months in Grade III, and in some of 
the experimental studies reviewed in the preceding chapter the learn- 
ing period was cut to six and even to four weeks. 

Within the last quarter of a century the practice has increasingly 
been to teach some limited number of combinations in Grade III and 
to postpone the rest to Grade IV. This change has resulted in part 
from the uncritical trend to move topics generally to higher grades (a 
trend which has already been discussed), in part from the intention to 
encourage more thorough learning of other arithmetical skills—or 
to extend them further—before starting multiplication, and in part 
from recognition of the fact that sound learning takes time. The last 
reason holds especially in the case of the multiplication combinations 
when the teaching task is made to include, besides the verbal state- 
ments themselves, the development of generalizations, principles, and 
understandings of relationships. When these are taught, the period 
of learning must be lengthened. Some courses of study wisely intro- 
duce the concept of multiplication and some of the easiest facts in the 
latter part of Grade II and do not expect mastery of all the combina- 
tions until two years later. During this long period children are given 
experiences with the combinations in wide varieties of ways, so as to 
increase meaning as well as to secure mastery. In other words, the 
program in such schools leaves nothing at all to time alone, for time 
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is important to learning only to the degree to which it affords oppor- 
tunity for experience. 

(10) Once the process of division has been taught and a begin- 
ning has been made on the division combinations, the related multi- 
plication and division facts may well be presented together. The 
drawing at the right shows four different facts. Which [eeoeoeo 
fact one sees depends upon the way in which one treats 
the groups, (a) by rows or by columns, and (b) by 
multiplication or by division. The four facts are: (a) four 5’s = 20; 
(b) five 4’s = 20; (c) 20 = four 5’s, and (d) 20 = five 4’s. The 
four facts together constitute “the whole story about 4, 5, and 20 in 
multiplication and division.”!4 Frequent experience in “telling the 
whole story” in multiplication and division facts has the effect of 
emphasizing important relationships and of increasing ease of learn- 
ing. Mixed drill, instituted later on, should then establish mastery 
of the separate combinations. 





** Actually “the whole story” here has two more parts, namely, (e) % of 
20 = 5, and (f) % of 20 = 4. The last two facts are obtained through par- 
tition, which is one of the two ideas in division (the other being quotition or 
true division). “The whole story” is held to four parts, however, in analogy 
with “the whole story’ in addition and subtraction. 
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TABLE 19 


EXTENDED Stupy, GrapE IITA: Processes Usep witH SELECTED COMBINATIONS 
AS REVEALED IN INTERVIEWS (N = 155 — 474)* 
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*Totals vary among the combinations for the reason that only interview data are included for com- 
binations which had been supposedly carried to mastery in learning. A total of 140 of the Grade IIIA 
pupils had finished the multiplication tables; 15 more had completed all except the one product for 9 x 
(that is, had studied through the 8’s table, with reverses); 64 more had studied through the 7’s; 69 more 
through the 6’s; 158 through the 5’s; and 28 through the 4’s only. 
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EXTENDED Stupy, GRADE IVB: Processes UsEpD WITH SELECTED COMBINATIONS 
AS REVEALED IN INTERVIEWS (N = 483) 
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EXTENDED Stupy, GrapE IVA: Processes USED WITH SELECTED COMBINATIONS 
AS REVEALED IN INTERVIEWS (N = 425) 
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4*«X”? is omitted, since there was but one instance of this process, with 9 X 7. 
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EXTENDED Stupy, GrapE VB: Processes USED WITH SELECTED COMBINATIONS 
AS REVEALED IN INTERVIEWS (N = 426) 
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*There were no cases of visualization (V); hence this category is omitted. 
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TABLE 27 
CoMPARISON OF Boys AND GIRLS IN SAMPLES DRAWN FROM LocAL StupDy 


























Character, Grade IIIA Grade IVB Grade VB 
with —_—_———_—- —|— —|———__— |_——_—————_——_ —— 
Measure Boys Girls Boys Girls Boys Girls 
CACATan Qi 8-11 8-10 9- 6 9. 5 10- 4 10- 3 
Md 9242 9- 3 9-10 9-10 10- 9 10- 9 
Q; 9. 9 927 10- 3 10- 3 11-12 11- 3 
Q 5.0 4.5 4.5 5.0 4.0 6.0 
MAW ren Qi 8- 8 9- 1 927 9.2 10- 6 10° 2 
Md 9- 6 oF 7 10- 2 10- 2 l1- 4 M2 
Q 9-10 10- 3 10- 9 10-11 11-10 11-11 
Q; TO 7.0 7.0 eS 8.0 10.5 
iNe\n pone Qi 8- 3 9- 0 9. 9 9. 3 10-10 10- 5 
Md Orn 9-11 10- 3 9-11 i= Disa 
Q; 10- 1 10- 3 NOs 10- 4 le He 5 
Q 11.0 9.5 5.0 6.5 eo 6.0 
IQS Qi 88 93 95 92 98 94 
Md 102 106 103 104 105 106 
Q; 110 114 115 114 1 114 
Q 11.0 10.5 10.0 11.0 6.5 10.0 


GENERAL INSTRUCTIONS 


[Directions to Teachers | 


The purpose of this letter is to give you certain general informa- 
tion concerning the investigation on the learning of the multiplication 
combinations. Very soon now we shall send you the actual testing 
materials which you are to use, together with directions for giving 
the tests; but right now we want you to know why we are making 
this study and how it is to be conducted. 


PURPOSE OF THE STUDY 


There have been surprisingly few research investigations relating 
to the learning of the multiplication combinations. By contrast, the 
number of experimental studies in the case of the addition and the 
subtraction combinations is very much larger; and consequently we 
now are better equipped to teach these combinations. As a matter of 
fact, even the few studies dealing with multiplication have been less 
helpful than they might have been, for the data collected have pro- 
vided little information on how children learn the combinations; in- 
stead, the primary concern has been how well they learn the com- 
binations. We cannot hope to improve very much our instruction on 
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the multiplication combinations until we have information on chil- 
dren’s processes and procedures in learning. 

It is our firm belief that this study will be of real value to all 
teachers who participate. We are confident that they will secure 
important new insights into their pupils’ difficulties in mastering the 
multiplication combinations—insights which should result in much 
more effective teaching. What we are trying to say is that the uses 
of the data will not be limited to the preparation of a formal printed 
report which will appear in some professional journal; rather, the 
data should be highly suggestive to every teacher who co-operates in 
securing them. 


PLAN OF THE STUDY 


It is planned to test children in Grades IV and V before Decem- 
ber 1 and again next spring about May 1. In Grade III, the tests 
will be given only in the spring, since in very few schools are many 
of the multiplication combinations presented during the first term 
or semester. 

The testing program consists of two parts: (1) group tests on 
the multiplication facts and (2) individual tests for selected children. 
The group tests (1) will be given to all children and will include all 
the multiplication combinations usually taught in the third grade. 
The individual tests (2) will be given by interviews and will contain 
only fifteen combinations. The method of choosing pupils for tests 
(2) will be described in a later communication. The schedule of 
testing, then, is as follows: 


Before December 1 About May 1 
Gradeshhl  ecmieniccce ss Group tests—all pupils 
Individual tests—selected pupils 
Grade IV Group tests—all pupils Same as “Before December 1” 
Individual tests—selected 
pupils 
Grade V Same as in Grade IV Same as “Before December 1” 


From the group tests we shall secure the usual measures of learn- 
ing, namely, (1) number of correct responses and (2) rate of work. 
When the group test blanks are sent you, they will be accompanied 
with instructions for administration so as to yield the two measures 
desired. From the rate and accuracy scores for the several hundred 
children in this study it will be possible to construct curves showing 
the progress of learning in half-grades, from the second term of 
Grade III through the second term of Grade V. 


164 Learning the Multiplication Combinations 


The group test data will be of value, as you can see; but they will 
be of less value than the interview data. From the individual tests 
we hope to secure data which have never before been collected— 
data which reveal how the children of the successive half-grades 
think about the combination and how their thought processes change 
from time to time. It is from our records of your pupils’ thought 
processes that we hope to discover how children learn the com- 
binations. 

The group tests, you will find, will be easy to administer, for 
you have had many experiences in giving similar tests. The indi- 
vidual tests, on the other hand, are not easy to give. On the surface, 
the interview appears to be a very simple procedure for securing 
research information; in reality, it is a very difficult procedure to 
employ effectively. This is especially true in investigations such as 
this one, in which one seeks to get at children’s mental processes 
and manipulations. 

The interviewer should observe not only the subject’s verbal re- 
sponses, but also his facial expressions, lip movements, and mechan- 
ical activities, since all of these may reveal what the child is thinking. 
A normal, friendly relationship should exist between interviewer and 
subject. The interviewer must be careful, however, to avoid approval 
or disapproval and the giving of cues or suggestions. (The child is 
apt to adopt whatever suggestion is offered in place of his true 
process.) Also, the interviewer must exercise caution not to push 
the questioning too far, lest the child become self-conscious, and his 
responses and methods cease to be typical. 

These warnings may seem to be quite unnecessary, but actually 
they are not. Teachers who have had the most experience with the 
interview will be the first to recognize the need of the cautions and 
to advise their less experienced friends to heed them. Every pos- 
sible safeguard must be taken to guarantee true records of children’s 
thought processes in dealing with the interview combinations. You 
will soon discover that an apparently “known” combination may not 
be “known” at all, but that the child has recited the tables, or guessed, 
or solved from a better-known combination, or counted, or given a 
glib, meaningless answer, even if it be correct. It is precisely this 
kind of information which the interview is designed to supply. You 
see, for the purposes of this part of the investigation, the correctness 
or the incorrectness of the answer is relatively unimportant: what 
we want to know is how the child thinks to get his answer. 
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ADDITIONAL CAUTIONS 


We assure you that we are in no way trying to determine the 
effectiveness of your instruction. That is to say, we are not attempting 
to compare groups or classes of pupils or to compare school systems. 
For this reason you need feel no embarrassment at the showing your 
pupils make ; we honestly do not know what a good showing is; rather, 
we hope to learn this from our study. Particularly is this true in the 
matter of the mental processes discovered by means of the interview. 
Do not be surprised if some of your “better” pupils count combina- 
tions you thought they knew; “‘better’’ pupils actually do this. Merely 
give us a complete and an accurate account of what you find. When 
we have assembled all the facts, we shall be more able to say what 
we can properly expect of children at the various grade levels. 

One last caution: Please do not revolutionize your methods of 
teaching the multiplication combinations merely on the basis of the 
results from the first tests. Too hasty conclusions from incomplete 
‘data may actually be detrimental. Our advice is to postpone drastic 
changes until after you have full information from all grades in your 
school and from both series of tests (December and May). You 
will still have some days or weeks in which to put this new informa- 
tion to its most profitable uses. 


REPORTS OF RESULTS 


Please arrange to give the group tests as near December 1 as is 
feasible, and follow them at once with the interviews, which should 
be completed within two weeks of the group tests. Similarly, please 
plan to give the spring group tests as near the first of May as is 
-practicable, and to complete the individual tests before May 15. 

It will take us some time to tabulate and to interpret the results 
from the separate co-operating centers. Because of this, it will be 
impossible to report to you what we have found before the winter 
of 1942. It is our expectation to print our findings rather fully 
either as a monograph or as an article in a professional periodical. 
In either case, we shall furnish you a copy. 


TEsTING MATERIALS 


We shall send your co-ordinator enough group tests for all of 
your pupils and enough interview blanks for the reports of the indi- 
vidual testing. You may use the first group tests and the first inter- 
view blanks as you wish, but we want them in our hands before the 
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Christmas holidays. Please do not place any marks on the test 
blanks, lest we be unable to understand and interpret them. 


A LAST WORD 


May we take the last paragraph to tell you how very much we 
appreciate your co-operating in this study? It goes without saying 
that without the help of teachers far removed from the Duke Uni- 
versity campus, we should be quite unable to make this investigation. 
We realize that we are asking you to donate a portion of the small 
amount of time that is left you from your usual teaching activities. 
We believe that your efforts will be repaid to you personally by what 
you learn and that they will also contribute more widely to a greatly 
improved teaching of the multiplication combinations throughout the 
country in general. 


THe Group TEST 


Purpose. The purpose of the group test is to secure the tradi- 
tional kinds of information with regard to knowledge of the multi- 
plication combinations. This knowledge is measured in terms (1) of — 
accuracy (number of correct answers) and (2) of rate (time re- 
quired to finish). The directions below are designed to secure both 
of these measures. 


Combinations included. FEighty-one of the 100 multiplication 
combinations are included in the test, the O-combinations being 
omitted since they seem to constitute a separate and special problem. 
The inclusion of some facts for 7’s, 8’s, and 9’s will work a hardship 
on certain co-operating third grades, for the reason that these facts 
are not taught until the fourth grade. However, it is hoped that 
even in these classrooms the group test will be administered precisely 
as it is intended to be given. As has already been explained, there 
is to be in this study no comparing of class with class or school with 
school and no publishing of data which will permit of such compari- 
sons. The directions for the test will make it perfectly clear to 
pupils that all are not expected to have perfect papers. 


Scoring. Use the test papers as you see fit, provided that you 
make no marks on them. The papers will be scored at Duke Uni- 
versity, and at this time the last two items on the test papers (for 
rate and accuracy) will be entered by us. 

Schedule. The group tests are to be given in Grades IV and V 
as near December 1 as possible, and are to be repeated in these 
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grades and given for the first time in Grade III about May 1. In 
each case the test papers are to be sent to the co-ordinator within 
two weeks of the testing (for the first tests, before the Christmas 
holidays without fail). 

Cautions. Please follow exactly the directions for administering 
the tests; otherwise, the results will not be uniform from class to 
class. Errors may easily be made at two points. First, be sure to 
stress equally the idea of rate and of accuracy of work. The chil- 
dren should not hurry so fast that they miss combinations they usually 
get, nor should they dawdle needlessly long over their work. Sec- 
ond, be careful about the timing. The 30-second intervals (see be- 
low) must be exactly preserved. 


Note to co-ordinators. In returning the test materials (group 
and individual) please use the Railway Express Agency, sending the 
package collect. This method will be cheaper than the use of the 
U. S. mails (the materials would have to come first class), and the 
cost of returning the package will be automatically taken care of at 
this end. 

We are sending at this time enough group tests and Interview 
Blanks for all the testing, both now and in the spring. If by chance 
you find that you need more copies of either, please let us know at 
once. You understand of course that in the December testing the 
third-grade pupils are not to be included. The group test papers and 
the Interview Blanks for the first testing (Grades IV and V) are to 
be sent to Durham, North Carolina, before the holidays. 


DIRECTIONS FOR ADMINISTERING THE TEST 


1. Provide each pupil with fwo sharpened pencils before starting 
the test. 

2. Distribute the papers face downward, and direct the pupils not 
to turn the blanks until they are told to do so. 

Read the following directions : 

“This is a test on the multiplication facts (or combinations, which- 
ever word you are accustomed to use). You are to write the 
answer for each fact (combination) on the line immediately be- 
low it. At the right you will find space for work if you need it. 
“When I tell you to begin, turn the paper over and begin to 
write the answers. [Work as rapidly as you can without making 
mistakes. If you find facts (combinations) which you do not 
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know, go right on to the next ones. Do not stop too long on 
the hard facts (combinations). 

“Several times while you are working, I shall say marK. When 
you hear MARK, draw a line under the example you are working 
on and keep on with the test. Understand: marx does not mean 
to stop; it means to mark the example you are working on. 
“When you have finished the test, write your name at the bottom 
of the page where you see NAME. Then turn your paper over, 
and wait quietly for the rest to finish. 

“Are there any questions?” (If so, answer them freely.) 


4. Say “mark” exactly 30 seconds after you give instructions to 
begin the test, and repeat “MARK” every 30 seconds thereafter. 
Be careful—especially careful—with the timing, since the rate 
scores are to be derived from the pupils’ underscoring of examples. 


5. Allow enough time for all except the very slowest three to five 
pupils to finish. These pupils will be those who obviously could 
not finish because they do not know the combinations. Of course, 
if all your pupils know the facts, allow time for all to finish, 


6. Before taking up the papers, have the pupils supply the following 
information at the bottom of their test papers: 


(1) Name of school (3) City (or county) 
(2) Grade (4) Your name, as teacher 


Items (5) and (6) will be filled in at Duke University. 


THE INDIVIDUAL TEST 


Purpose. The purpose of the individual tests is to obtain in- 
formation concerning children’s thought processes while securing 
answers to multiplication combinations. For each child interviewed 
you are to record this information by code letter (described below) 
on the Interview Blank for your class. 

Combinations included. Only fifteen combinations are included 
in the individual test, for the most part those which usually cause 
most trouble. These selected combinations are listed at the top of 
the Interview Blank and are to be presented one at a time in the 
order given. 

Scoring. For each combination enter in the appropriate space: 
(1) the child’s numerical answer (as 4, 16, etc.), whether this is 
correct or incorrect; (2) the code letter which corresponds to the 
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child’s processes as he reports them to you; (3) in certain cases the 
exact words of the child. The instances in which (3) is required 
are those in which you are unable to classify these processes accord- 
ing to the code symbols. 

Schedule. The individual tests are to be completed within two 
weeks of the group tests, and the Interview Blanks should be handed 
to the co-ordinator with the group test blanks. 

Cautions. Please read again the section of the GENERAL INSTRUC- 
TIONS in which the difficulties of interviewing are described. We 
cannot emphasize too much the need of care in questioning children 
in order to secure a true record of their processes without influencing 
them by questioning. 

Selection of pupils for individual tests. Please arrange to inter- 
view as many of your pupils as you can—the more, the better. For 
purposes of planning you may estimate each interview to require 
between twelve and fifteen minutes. 

If you find it impossible to interview every pupil in your class, 
begin with the first pupil on your alphabetical roll. Then continue 
with the other pupils, following the alphabetical list. 

If it happens that a child who is chosen for an interview is re- 
peating the grade, indicate this fact by placing R in front of his 
name on the Interview Blank. Also, enter A beside R for each 
child whose failure was due wholly or in large measure to weakness 
in arithmetic. 

Code for processes. Study the following classification of chil- 
dren’s processes very carefully. In all, eleven code symbols are listed 
and described, eight of which (all except N, J, and X) represent 
rather commonly found procedures on the part of children. It should 
be understood, however, that these eight particular procedures are 
not the only possibilities. They simply are processes which were 
discovered in a preliminary investigation, and you may expect to 
find others that should be reported in full. 


The eleven code symbols follow: 


Code i 
Letter Description of Class 
H Habituation, meaningful. The correct answer is confidently given at 


once, with every indication of understanding. 

M Memory, rote. The answer is given at once and with apparent confi- 
dence, but there is no evidence of understanding. 

G Guessing. The answer, usually wrong, is given rather promptly, but it 
is evident that the child is guessing. 
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S Solution. The child starts with a familiar combination, and adds to, or 
subtracts from, the product to get the answer. There are many 
kinds of solution, for example: 

3 4 — 2X4=844=12 
OK Ae 4X4 168A 2 


C Counting. The child adds or counts the same unit several times. 
A 41S On Oe ODA Lome 


R Reversal. The child interchanges multiplier and multiplicand, in order 
to get a more familiar order. 
GUNS ra Se Ol 1S soln nono 


ae Tables. The child starts with a lower combination in the particular 
table involved and recites fe table to the ae point. 
AK 6) aa AA Xd Oe 


or, 4) 4 = 16" 4X5 = 20; 4X 6= 24. 


V Visualization. The child reproduces groups of objects or figures in clear 
imagery and works with these. 
4X5=? 4 X 5c) (nickel) = 20c, or 20: 


N No attempt. The child makes no attempt to state the answer. 


i Indeterminate. The child gives an answer for the combination, but you 
cannot ascertain how he got it (that is, his processes). 


X Miscellaneous. The child reports a process not included in the pre- 
ceding list, or you are uncertain as to its proper classification. Re- 
port what the child said, using the back of the Interview Blank if 
this is necessary. 


The largest amount of difficulty will arise in distinguishing among 
H, M, and G, all of which cover responses usually given rather 
quickly. The purpose of using the three classes is to try to differ- 
entiate between combinations which are known meaningfully and 
those which have merely been memorized without understanding. 
The interviewer must be sole judge on this point, but it is wise to 
guard against too ready classification of responses under H. Asa 
rule, the best basis for decision is the general bearing and behavior 
of the child: his confidence, casual remarks, and the like. 


In case of doubt it is sometimes helpful to tell the child that his 
correct answer is wrong—that 4 X 6 = 25, not 24, as he has said. 
If the child can demonstrate in any convincing way that 4 X 6 is 24, 
not 25, then he should be given credit for H. 

On the other hand, too liberal use of this device will naturally 
lead the child to employ with later combinations processes which he 
otherwise would not have used. For this reason the interviewer 
should use this device only sparingly, relying for the most part on 
her knowledge of the child and on her observations of his behavior 
during the interview, 
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DIRECTIONS FOR INDIVIDUAL TESTS 


. Before starting the interview write the combinations on separate 
cards, in the order on the Interview Blank. 
Select a time and place that is free from both physical and mental 
distractions. If possible, you and the subject should be alone. 
Seat the child at a small table opposite you, the better to observe 
all kinds of significant behavior. 
. Expose the first combination card and record the child’s numerical 
answer (right or wrong) in the appropriate space. 
. Then question the child carefully to determine what method or 
methods he used in arriving at his answer. The following ques- 
tions are suggestive : 

a. What were you thinking when you said — X — equal — ? 

b. What did you do to find the answer for — X — ? 

c. How do you know that — X — equal — ? 
If the child does not volunteer answers to these questions, en- 
courage him to further effort by some absurd illustration, such 
as (for 6 X 5): “Did you think 30 because 5 and 6 are 30?” 
Record on the Interview Blank the symbols which correspond to 
the method or methods. 
In the case of processes which you must record as X (miscel- 
laneous) please remember to report the processes in full, so that 
they may be classified at Duke University. 
Continue with the other combinations in the same way. 
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MULTIPLICATION TEST 











is 1 4 4 9 5 3 5 Space for 
694 9 1 8 6 3 7 
aa 6 8 1 6 3 8 3 9 
ee em 
a: 5 Ti 3 7 1 6 9 2 8 
By SB Bia ee El 
4. 8 3 6 5 8 2 5 9 3 
Se bn ae Cate ee ae 
Of 1 8 6 4 8 | 3 5 3 
Py Bo BaP Os Rs Seu Set TO Ry ieee 
6. 4 7 1 9 4 4 5 6 2 
Gi ogi akg hey ete eel, eee 
Wee 7 5 7 2 6 2 8 9 if 
See ee mrs eh a 
8. 4 2 9 6 3 4 8 6 2 
2h BG Bn Tee ane ace ae 
oF 1 9 3 i 7 1 9 7 4 
Or le Che A Sas ate ee 
Name 
(Ue) 
(3) cS a eee 
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